Rules for integrands of the form (f x)" (d + ex")% (a + bx" + cx*")?
0. J(-Fx)"' (ex")® (a+bx"+cx2")pd1x
1. J(fx)m (ex")q (a+bx"+cx2")pd1x whenmez v >0

1: J(-Fx)m (ex")? (a+bx"+cx’")Pdx when (mez v £>0) A ™lez

Derivation: Integration by substitution

Basis: If

m;l € Z,then x» (ex")? = eéfl x"t (e x")q+mn+_1'1

Basis: x1 F[x"] == L Subst [F[x], X, X"] 0xX"

Rule 1.2.3.4.0.1.1:1f (mez v f>0) A ™ c 7 then

n

m

J(-Fx)"' (ex")* (a+bx"+cx*")Pdx — Subst[J(e x)“"*‘1 (a+bx+cx?)Pdx, x, x"]

m+1
n en_'1

Program code:

Int[ (F_.*x_)™m_.x(e_.*Xx_"n_)"q_x(a_+b_.*Xx_"n_+C_.*x_"n2_.)"p_.,x_Symbol] :=
f"m/(n*e"((m+1)/n—1))*Subst[Int[(e*x)"(q+(m+1)/n—1)*(a+b*x+c*x"2)"p,x],x,x"n] /3
FreeQ[{a,b,c,e,f,m,n,p,q},x| && EqQ[n2,2«n] & (IntegerQ[m] || GtQ[f,0]) && IntegerQ[Simplify[ (m+1)/n]]

Int[(F_.*X_) M_.% (e_.*X_"n_)"q_x (a_+C_.*X_"n2_.)"p_.,x_Symbol] :=
-F"m/(n*e" ((m+1) /n-1) ) *Subst [Int[ (exx)~ (q+ (m+1) /n-1) % (a+C*X*2) *p,Xx],X,X*n] /;
FreeQ[{a,c,e,f,m,n,p,q},x] && EqQ[n2,2«n] 8& (IntegerQ[m] || GtQ[f,0]) & IntegerQ[Simplify[ (m+1)/n]]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: J(fx)’" (ex“)q (a+bx"+cX2n)pd]x when (mEZ \% ‘f>0) A m;—lez

Derivation: Piecewise constant extraction

Basis: a, i—)— P

Rule 1.2.3.4.0.1.2:If (mezZ Vv f>0) A m;1 ¢ Z,then

£ @IntPart(q] (e Xn) FracPart[q]

J(-Fx)"' (ex")q (a+bx"+cx2“)pd1x — x™"9 (a+bx" +cx2")pd1x

x" FracPart[q]

Program code:

Int[ (F_.*Xx_)™m_.% (e_.*Xx_"n_)"q_x(a_+b_.*X_"n_+C_.*Xx_"n2_.)"p_.,x_Symbol] :=
fAmxe~IntPart[q] * (exx”n) ~FracPart[q] /x” (nxFracPart[q]) *Int [X* (m+nxq) * (a+bxX*n+cxx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,e,f,m,n,p,q},x| && EqQ[n2,2«n] && (IntegerQ[m] || GtQ[f,0]) && Not[IntegerQ[Simplify[(m+1)/n]]]

Int[ (F_.*X_)Am_.x (e_.*X_"n_)"q_x(a_+C_.*Xx_"n2_.)" p_.,x_Symbol] :=
fAmxe~IntPart[q] * (exx”n) ~*FracPart[q] /x”* (nxFracPart[q]) *Int [X* (m+nxq) * (a+C*X” (2*n) ) *p,x] /;
FreeQ[{a,c,e,f,m,n,p,q},x] & EqQ[n2,2«n] & (IntegerQ[m] || GtQ[f,0]) & Not[IntegerQ[Simplify[ (m+1)/n]]]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: J(fx)'" (ex")9 (a+bx"+cx*")Pdx whenm¢ z

Derivation: Piecewise constant extraction
Basis: a, if—>— =0

Rule 1.2.3.4.0.2: If m ¢ Z, then

.FIntPar‘t[m] ('F X) FracPart[m]

J(fx)m (ex")q (a+bx"+cx2")pdlx — x™" (ex")q (a+bx" +cx2")pd1x

XFr‘acPar‘t [m]

Program code:

Int[ (F_*x_)"m_.*(e_.*X_"Nn_) " q_* (a_+b_.*X_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
fAIntPart[m] * (-F*x) “FracPart [m]/x"FracPart [m] *Int [X*m* (exXx”~n) *q* (a+bxx*n+cxx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,e,f,m,n,p,q},x] && EqQ[n2,2xn] && Not[IntegerQ[m]]

Int [ (F_»x_)"m_.%(e_.*X_"n_)"q_x(a_+C_.*x_"n2_.)"p_.,x_Symbol] :=
fAIntPart[m] * (-F*x) “FracPart [m]/x"FracPart [m] *Int [X*m* (exXx”*n) *q* (a+C*X" (2xn) ) *p,X] /;
FreeQ[{a,c,e,f,m,n,p,q},x] & EqQ[n2,2«n] & Not[IntegerQ[m]]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

1: Jﬂ(d+eﬂ)q@+bx"+cﬁ"fdxvmenm—n+1=e

Derivation: Integration by substitution

Basis: x" 1 F[x"] = L Subst[F[x], X, X"] X"

n

Rule1.2.3.4.1:1f m-n+ 1 == 0, then

J}m(d+exﬂq(a+bx"+cx“)pdx—a lSubst[j(d+ex)q(a+bx+cx2)pdlx,x,x"]
n

Program code:

Int[x_"m_.x(d_+e_.*x_"n_)"q_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
1/n%Subst [Int[ (d+exXx)*q* (a+b*x+c*x"2)*p,x],X,X*n] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] && EQQ[n2,2+n] & EqQ[Simplify[m-n+1],0]

Int[x_"m_.x(d_+e_.*x_"n_)"q_.*(a_+C_.*X_"n2_.)"p_.,x_Symbol] :=
1/n*Subst [Int[ (d+exx) ~q* (a+C*x"*2) *p,X],X,x*n] /;
FreeQ[{a,c,d,e,m,n,p,q},x] & EqQ[n2,2+n] & EqQ[Simplify[m-n+1],0]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: Jx'" (d+ex")® (a+bx"+cx*")?dx when (p|q) ez An<e

Derivation: Algebraic expansion
Basis:If (p | q) €Z,then (d+ex™) 9 (a+bx"+cx?")P =x"2Pd (e+dx ™9 (c+bx"+ax?")P
Rule 1.2.3.4.2:If (p | q) €Z A n< 0,then

jxm (d+ex")? (a+bx"+cx*")Pdx — jxmm 2P (e+dx")? (c+bx"+ax?")Pdx

Program code:

Int[x_"m_.*(d_+e_.*x_"n_)"q_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
Int [X* (m+n* (2%p+q) ) * (€+d*X” (-n) ) *q* (C+b*X” (-n) +a*x” (-2xn) ) *p,x] /;
FreeQ[{a,b,c,d,e,m,n},x] && EqQ[n2,2xn] && IntegersQ[p,q] && NegQ[n]

Int[x_"m_.*(d_+e_.*x_"n_)"q_.*(a_+C_.*X_"n2_.)"p_.,x_Symbol] :=
Int [X* (m+n* (2%p+q) ) * (e+d*Xx” (-n) ) *q* (c+a*Xx" (-2xn) ) *p,x] /;
FreeQ[{a,c,d,e,m,n},x] &% EqQ[n2,2xn] && IntegersQ[p,q] && NegQ[n]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

3. j(fx)"' (d+ex")? (a+bx"+cx*")?dx whenb*-4ac=0 Ap¢z

1: Jx"‘ (d+ex")? (a+bx"+cx*")Pdx whenb>-4ac=0 Ape¢z A (m | n | '";1) ezt

Derivation: Integration by substitution

Basis: If ™1 ¢ Z,then x"Fx"] = lSubst[x$'1 FIX], X, X"] X"
n n

Note: If this substitution rule is applied whenm € Z~, expressions of the form Log [ x" ] rather than Log [x] may appear
in the antiderivative.

Rule1.234.3.1:1f b>-4ac =8 Ape&Z A (m|n| ™) €z, then

n
1 me1
Jx"‘ (d+ex") (a+bx"+cx®")Pdx — —Subst[J‘xT'1 (d+ex)? (a+bx+cx?)?dx, x, x"]

n

Program code:

Int[x_"m_.*(d_+e_.*x_"n_)"q_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
1/n%Subst [Int [x” ( (Mm+1) /n-1) * (d+exX) *q* (a+bxX+CxXx*2) *p,X],X, X n] /;
FreeQ[{a,b,c,d,e,p,q},x] && EqQ[n2,2xn] && EqQ[b”2-4xaxc,0] & & Not[IntegerQ[p]] && IGtQ[m,0] && IGtQ[n,0] && IGtQ[ (m+1)/n,0]

2: J(fx)'" (d+ex")? (a+bx"+cx*")Pdx whenb*-4ac=0 Ap¢z

Derivation: Piecewise constant extraction

(a+b x"+c x2")”

Basis: If b%> — 4 a ¢ == 0, then o, -0
(2+c x")zP
2
FracPart[p]
. 2 B (a+bx"+cx?n)? N (a+b x"+c x2")
Basis: If b -4 a c == 0, then Prcxt| TP cmentipl (B ) 2D
2 2

Rule1.2.3.43.2:1f b2-4ac =0 A p ¢ Z,then



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

(a+bxn+CX2n)Fr‘acPar‘t[p] b

\{(-Fx)"1 (d+ex")q (a+bx"+cx2")pdlx —

2 FracPart[p]
cIntPart[p] (5 +C Xn)

Program code:

Int[ (F_.*x_)™m_.% (d_+e_.*X_"n_)"q_.* (a_+b_.*X_"n_+C_.+x_"n2_.)"p_,x_Symbol] :=
(a+b*x"n+c*x” (2xn) ) *FracPart[p]/ (c*IntPart[p] * (b/2+c*xx"n)* (2xFracPart[p])) =
Int [ (fxx) mx (d+exx n)~qx (b/2+cxx n)~ (2xp) ,X| /;
FreeQ[{a,b,c,d,e,f,m,n,p,q},x]| && EqQ[n2,2xn] && EqQ[b"2-4xaxc,0] && Not[IntegerQ[p]]

4, J(-Fx)'“ (d+ex“)q (a+bx"+cx2")pdlx when '";1 ez

1 jxm (d+ex")? (a+bx"+cx*")Pdx when ™% ez
n

Derivation: Integration by substitution

Basis: If % e Z,then x"F[x"] = %Subst[x$'1 FIX], X, X"] 8xx"

Note:lf nez A m;1 € Z,thenm € Z,and (f x)™automatically evaluates to ™ x™.

Rule 1.2.3.4.4.1: If m;—l € 7, then

1 me1
Jx’" (d+ex")? (a+bx"+cx*")Pdx — —Subst[J\xT'1 (d+ex)? (a+bx+cx?)?dx, x, x"]
n

Program code:

Int[x_"m_.*(d_+e_.*x_"n_)"q_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
1/n«Subst[Int[x (Simplify[ (m+1) /n]-1)« (d+e*X) q# (a+bxx+c*x"2) ~p,X],x,xn] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] & EQQ[n2,2+n] & IntegerQ[Simplify[ (m+1)/n]]

Int[x_"m_.x(d_+e_.xx_"n_)"q_.*(a_+C_.*X_"n2_.)"p_.,x_Symbol] :=
1/n%Subst[Int[x (Simplify[ (m+1) /n]-1)« (d+exx)~q* (a+C*x"2) *p,x],X,x*n] /;
FreeQ[{a,c,d,e,m,n,p,q},x] & EqQ[n2,2«n] & IntegerQ[Simplify[ (m+1)/n]]

(fx)m(d+ex")q[z+cx"

2p
] dx



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: JXFXW(d+exﬂq(a+bx"+cx“)pdxwhm1%}ez

Derivation: Piecewise constant extraction
Basis: 5, 1*—>— =0

.FIntPart[m] ('F X) FracPart[m]

Basis: X .

xFracPart[m]

Rule 1.2.3.4.4.2: If m;—l € 7, then

fIntPart[m] ('F X) FracPart[m]

kax)m(d+exﬂq(a+bx"+cxzﬂpdx — xm(d+ex”q(a+bx"+cxzﬂpdx

xFracPartm]

Program code:

Int [ (F_»x_)"m_.*(d_+e_.*X_"n_)"q_.*(a_+b_.*X_"n_+C_.*Xx_"n2_.)"p_.,x_Symbol] :=
f“IntPart[m]*(f*x)AFracPart[m]/xAFracPart[m]*Int[xAm*(d+e*xAn)“q*(a+b*xAn+c*xA(2*n))Ap,x] /5
FreeQ[{a,b,c,d,e,f,m,n,p,q},x] && EqQ[n2,2xn] && IntegerQ[Simplify[ (m+1)/n]]

Int[ (F_*x_)"m_.#(d_+e_.*X_"n_)"q_.x(a_+C_.*X_"n2_.)"p_.,Xx_Symbol] :=
fAIntPart[m]*(f*x)AFracPart[m]/xAFracPart[m]*Int[xAm*(d+e*xAn)Aq*(a+c*xA(2*n))Ap,x] /3
FreeQ[{a,c,d,e,f,m,n,p,q},x| && EqQ[n2,2«n] & IntegerQ[Simplify[ (m+1)/n]]

5. J(fx)‘“ (d+ex")9 (a+bx"+cx2")Pdx whenb?’-4ac#0 A cd’-bde+ae?==0

1:kaxw(d+exﬂq(a+bx"+cx“)pdxwmmb2—4ac¢e/\cdz—bde+ae2=0,«pez

Derivation: Algebraic simplification

Basis:If cd®>-bde+ae?=0,thena+bz+cz?= (d+ez) (3 + %)

e

Rule1.2.3.4.5.1:1f b2?-4ac+0 A cd’-bde+ae?=0 A p e Zthen

a
d



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

nyp
j(fX)m (d+exn)q (a+bXn+CX2n)pdlx_)J~(-Fx)m (d+exn)q+p (§+cx) dx
e

Program code:

Int[ (F_.*x_)™m_.x (d_+e_.*X_"n_)"q_.* (a_+b_.*X_"n_+C_.+x_"n2_)"p_.,x_Symbol] :=
Int [ (fxx)~mx (d+exx~n)~ (q+p) » (a/d+c/exx"n)*p,x]| /;
FreeQ[{a,b,c,d,e,f,m,n,q},x]| && EqQ[n2,2«n] && NeQ[b"2-4xaxc,0] 8&& EqQ[cxd*2-bxd+e+axe”2,0] & IntegerQ[p]

Int[(F_.*x_) m_.%(d_+e_.*X_"n_)"q_.*(a_+C_.*X_"Nn2_)"p_.,x_Symbol]| :=
Int[ (f*x) " mx (d+exxn)~ (q+p) * (a/d+c/exx n) ~p,x| /;
FreeQ[{a,c,d,e,f,q,m,n,q},x] && EqQ[n2,2+n] & EqQ[c*d"2+axe"2,0] && IntegerQ[p]

2: J(fx)'" (d+ex")? (a+bx"+cx*")Pdx whenb?-4ac#@ A cd’-bde+ae’=0 Ap¢zZ

Derivation: Piecewise constant extraction

. b x" 2n\P
Basis: If cd?-bde +ae? == 0, then oy (a+bxcx >n 5 =
(d+e x")P (3+%)

. a+b x"+c x2n p a+b x"ic x20 FracPart[p]
Basis:If cd®>-bde + ae? == 0,then ( )n S = ( ) S
(d+e x")P <3+%> (d+e Xn>Fr‘acPar‘t{pJ <§+&> p
e

Rule1.2.3.45.2:1f b2-4ac+0 A cd>-bde+ae?=0 A p ¢ Z,then

FracPart
(a+bx"+cx?") racpart(pl

J(-Fx)'“(d+ex")q(a+bx"+cx2")pdlx—> g
e

ny\p
(£x)" (d+ ex") ™ (3+ cx ] ax

n\ FracPart([p]
(d . exn)FracPart[p] (3 + c: )

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*x_"n_)"q_x(a_+b_.*Xx_"n_+c_.*x_"n2_)"p_,x_Symbol] :=
(a+b*x"n+cxx” (2xn) ) *FracPart[p]/ ( (d+exx"n) *FracPart[p] * (a/d+ (c*x"n) /e) *FracPart[p]) *
Int [ (fxx) mx (d+exx n)~(q+p) » (a/d+c/exx"n)*p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q},x]| & EqQ[n2,2xn] 8&& NeQ[b"2-4xaxc,0] && EqQ[cxd"2-bxdxe+axe"2,0] && Not[IntegerQ[p]]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

Int [ (F_.#x_)™m_.*(d_+e_.*x_"n_)"q_x(a_+C_.*x_"n2_)"p_,x_Symbol] :=
(a+cxXx” (2xn) ) *FracPart [p] / ( (d+exx”*n) *FracPart[p] * (a/d+ (cxx”n) /e) *FracPart[p]) *Int [ (-F*x) Am* (d+exx”~n) ~ (q+p) = (a/d+c/exx”n) "p,x] Ve
FreeQ[{a,c,d,e,f,m,n,p,q},x]| && EqQ[n2,2«n] && EqQ[cxd"2+axe"2,0] && Not[IntegerQ[p]]

6. j(fx)'"(d+ex")q(a+bx"+cx2")pdlx whenb?-4ac#0 A nez
1, J(fx)'"(d+ex")q(a+bx"+cx2")pd1xwhenb2-4ac¢0Anez*
1. J(fx)"‘ (d+ex")? (a+bx"+cx*")Pdx whenb>-4ac#@ A (n|p) ez’
1. Jx'" (d+ex")? (a+bx"+cx?")Pdx whenb>-4ac#@ A (n|p)€Z*A (m|q) €Z A q<-1

1: Jx'" (d+ex")? (a+bx"+cx*")Pdx whenb?-4ac#@ A (n|p)€zZ*A (M| q) €Z Aq<-1Am>0

Derivation: Algebraic expansion and binomial recurrence 2b

Note:If (n | p) €eZ*A (m|q) €Z A q< 0,then a2 25 (_gykeze-kp, [x, k] iS the coefficient of the

e2p+ (m-Mod [m,n]) /n

xMed[mnl (g 1 e x") 9 term of the partial fraction expansion of x»p,,[x"] (d+ex").

Note:If (n|p) eZ*AN (m|q) €eZ Aqgq<-1Am>0,then

n 2P+ (m-tod(m,n]) /n (g 4 1y ym-Mod[m,n] (a+bx"+cx?")P - (-d) (m-Mod [m,n]) /n-1 (cd>-bde+ae?)? (d (Mod[m, n] +1) +e (Mod[m, n] +n (q+1) +1) x") will be

divisible by a+bx".
Note: In the resulting integrand the degree of the polynomialin x»isat mostq - 1.
Rule1.2.3.4.6.1.1.1.1:1f b>-4ac+0@ A (n|p) €Z*A (m|q) €Z Ag<-1Am>0,then

jx’" (d+ex")? (a+bx"+cx*")Pdx —

(-d) (m-Mod [m,n]) /n
—(Cdz—bde+aez)p XMOd[m’n] (d+ex")qd1x+
e? p+(m-Mod[m,n]) /n
1
xMod [m,n] (d . exn)q (ez p+(m-Mod[m,n]) /n xM-Mod [m,n] (a +bx"+c X2n)P ~ (=d) (m-Mod [m,n]) /n (C d>_bde+a eZ)P) dx —»
e? p+(m-Mod[m,n]) /n

10



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

(—d) (m—Mod[m,n])/n—l (C dz -bde+a ez) p xMod[m,n]+1 (d re xn)q+1

+
n e2p+(m—Mod[m,n])/n (q+1)

1 J-xMod[m,n] (d + eXn)q+1 .

n eZ p+(m—Mod[m,n])/n (q + 1)

1
( (n @2P+(m-Mod[m,n]) /n (g | gy ym-Mod(m,n] (a+bx"+cx?")P - (-d) (m-Mod m,n]) /n-1 (cd>-bde+ae®)? (d (Mod[m, n] +1) +e (Mod[m, n] +n (q+1) +1) x")) J dx
d+ex"

Program code:

Int[x_"m_.*(d_+e_.*x_"n_)"q_=* (a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
(-d)~ ((m-Mod[m,n]) /n-1) » (cxd”*2-bxdxe+axe”2) *pxx” (Mod [m,n] +1) » (d+exx"n) ~ (q+1) / (nxe” (2xp+ (m-Mod [m,n]) /n) * (q+1)) +
1/ (nxe” (2xp+ (m-Mod[m,n]) /n) * (q+1) ) *Int [x*Mod [m,n] » (d+e*x"n) ~ (q+1) *»
ExpandToSum[Together[1/ (d+exXx”n) x (nxe” (2xp+ (m-Mod [m,n]) /n) * (q+1) *x~ (m-Mod [m,n]) * (a+bxXx*n+cxx” (2xn) ) *p-
(-d)~ ((m-Mod[m,n]) /n-1) » (cxd”*2-bxdxe+axe”2) “px (d* (Mod[m,n] +1) +ex (Mod[m,n] +n* (q+1) +1) *x”n) ) 1,x],x] /;
FreeQ[{a,b,c,d,e},x] & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && IGtQ[p,0] && ILtQ[q,-1] & IGtQ[m,0]

Int[x_"m_.x(d_+e_.xx_"n_)"q_x*(a_+C_.*Xx_"n2_.)"p_.,x_Symbol] :=
(-d)~ ((m-Mod[m,n]) /n-1) » (cxd*2+axe”2) *pxx” (Mod[m,n] +1) * (d+exx”n) ~ (q+1) / (nxe” (2xp+ (m-Mod[m,n]) /n) » (q+1)) +
1/ (nxe” (2xp+ (m-Mod[m,n]) /n) * (q+1) ) *Int [x*Mod [m,n] » (d+e*xx"n) ~ (q+1)
ExpandToSum[Together[1/ (d+exXx”n) x (nxe” (2xp+ (m-Mod [m,n]) /n) * (q+1) *x~ (m-Mod [m,n]) * (a+CxX" (2xn) ) *p-
(-d)”~((m-Mod[m,n]) /n-1) * (cxd*2+axe”2) *p* (d* (Mod [m,n] +1) +e*x (Mod[m,n] +n* (q+1) +1) *x*n) ) ],x],x] /;
FreeQ[{a,c,d,e},x] && EqQ[n2,2xn] && IGtQ[n,0] && IGtQ[p,0] && ILtQ[q,-1] && IGtQ[m,0]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: fx'" (d+ex")? (a+bx"+cx*")Pdx whenb?-4ac#@ A (n|p)€Z*A (M| q) €Z A q<-1 Am<O

Derivation: Algebraic expansion and binomial recurrence 2b

Note:If (n | p) €eZ*A (m|q) €Z A q< 0,then Loz &2 (_gykeze-kp, [x, k] iS the coefficient of the

o2 p+(m-Mod [m,n]) /n

xMed[mnl (g 1+ e x") 9 term of the partial fraction expansion of x»p,,[x"] (d+ex").
Note:If (n|p) ez*"AN (m|q) €Z Aqgq<-1Am<0,then
n (-d)-m-Medim,nl)/nl a2p (g, 1) (a+bx" +cx2")p-e‘(’"‘”°d[’"’"]’/" (cd*-bde+ae?)? x (mMedimnD) (d (Mod[m, n] +1) +e (Mod[m, n] +n (q+1) +1) x") will be

divisible bya+bx".
Note: In the resulting integrand the degree of the polynomialin x»isat mostq - 1.
Rule1.2.3.4.6.1.1.1.2:1f b>-4ac+0@ A (n|p) €eZ*A (m|q) €Z Ag<-1Amc<0,then

jx'" (d+ex")? (a+bx"+cx*")Pdx —

(-d) (m-Mod[m,n]) /n
—(Cdz—bde+ae2)p XMOd[m’n] (d+ex")qdlx+
e2 p+(m-Mod[m,n]) /n

(-d) (m-Mod [m,n]) /n

o Jx'" (d+ex")? ((—d)'(""M°d["""”/n e??P (a+bx"+cx2")P - e (mMdimnl) /o (¢ g2 —bde+ae2)px"“) dx —
e

(-d) (m-Mod[m,n]) /n-1 (c d>_bdez+a e2)p xMod [m,n]+1 (d re Xn)q+1

+
n e2p+(m—Mod[m,n])/n (q+1)

Jx"‘ (d+e x")q"1 .

(n (~d)~(MedImn]) /11 @2P (g4 1) (a4 b X"+ cx2")P - e AL/ (g2 _pde+ae?)?x ™I (g (Mod[m, n] +1) +e (Mod[m, n] +n (q+1) +1) x"))]

(-d) (m-Mod[m,n]) /n-1

ne?? (q+1)

(d+exn
dx

Program code:



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

Int[x_"m_x(d_+e_.*x_"n_)"q_x (a_+b_.*x_"n_+c_.*x_"n2_.)"p_.,x_Symbol] :=
(-d)”~ ((m-Mod[m,n]) /n-1) * (cxd*2-bxdxe+axe”2) *pxx” (Mod[m,n] +1) » (d+exx"*n) * (q+1) / (nxe” (2xp+ (m-Mod [m,n]) /n) * (q+1)) +
(-d)”~ ((m-Mod[m,n]) /n-1) / (nxe” (2xp) * (q+1) ) *Int [X*mx (d+e*xx"*n) * (q+1)
ExpandToSum[Together[1/ (d+e*xXx"n) * (n* (-d) * (- (m-Mod [m,n]) /n+1) xe” (2xp) * (q+1) * (Aa+bxXx*n+Cc*X" (2%xn) ) *p -
(e” (- (m-Mod[m,n]) /n) * (cxd*2-bxdxe+axe”2) *pxx” (- (m-Mod[m,n])) ) * (dx (Mod[m,n] +1) +e* (Mod [m,n] +n* (q+1) +1) *x*n) ) ],x]1,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && IGtQ[p,0] && ILtQ[q,-1] && ILtQ[m,0]

Int[x_"m_x(d_+e_.x*x_"n_)"q_=*(a_+C_.*x_"n2_.)"p_.,x_Symbol] :=
(-d)~ ((m-Mod[m,n]) /n-1) * (cxd*2+axe”2) *pxx”~ (Mod[m,n] +1) » (d+exx"n) * (q+1) / (nxe” (2xp+ (m-Mod [m,n]) /n) * (q+1)) +
(-d)~ ((m-Mod[m,n]) /n-1) / (nxe” (2xp) x (q+1) ) *Int [ X *mx (d+e*xx"*n) ~ (q+1)
ExpandToSum[Together[1/ (d+e*xx"n) * (nx (-d) * (- (m-Mod [m,n]) /n+1) xe” (2xp) * (q+1) * (@+C*Xx" (2%n) ) *p -
(e” (- (m-Mod[m,n]) /n) * (cxd*2+axe”2) *pxx” (- (m-Mod [m,n])) ) * (dx (Mod[m,n] +1) +ex (Mod [m,n] +n* (q+1) +1) *x*n) ) ],x],x] /;
FreeQ[{a,c,d,e},x] && EqQ[n2,2xn] && IGtQ[n,0] && IGtQ[p,0] && IntegersQ[m,q] && ILtQ[q,-1] && ILtQ[m,0]

13



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: J.(-Fx)rn (d+ex")® (a+bx"+cx*")?dx whenb*-4ac#@ A (n|p)€Z*A2np>n-1Aq¢Z Am+2np+nq+1#0

Reference: G&R 2.104

Note: This rule is a special case of the Ostrogradskiy-Hermite integration method.

Note: The degree of the polynomial in the resulting integrand is less than 2 n.

Rule1.2.3.46.1.1.2:1f b>-4ac+0O A (n|p)eZ"'A2np>n-1Aq¢Z Am+2np+nqg+1¢0,then

J(-Fx)"l (d+ex")® (a+bx"+cx2“)pdlx —

cP
.Fan

J(-Fx)'" (drex")? ((a+bx"+cx2")P - x2"P) dx +

J(fx)m“p (d+ex")%ax —

Cp (fx)m+2np-n+1 (d+exn)q*1

ef2"P-™l (mi2np+nqg+1)

+

1

" 1 J(fx)"' (d+ex") (em+2np+nq+1) ((a+bx"+cx*")P-cPx?"P) -~dc® (m+2np-n+1) x*"P") dx
e(mM+2np+nq+1)

Program code:

Int[ (F_.*x_)™m_.x (d_+e_.*X_"n_)"q_.* (a_+b_.#X_"N_+C_.#x_"n2_.)"p_.,x_Symbol] :=
cAp*(f*x)“(m+2*n*p—n+1)*(d+e*xAn)A(q+1)/(e*f“(2*n*p—n+1)*(m+2*n*p+n*q+1)) +
1/(e*(m+2*n*p+n*q+1))*Int[(f*x)Am*(d+e*xAn)Aq*

ExpandToSum[ex (m+2xnxp+nxq+1) * ( (Q+b*X*n+C*X” (2xn) ) *p-c p*X” (2%nxp) ) —d*C p* (M+2*xn*p-n+1) *X" (2xn*p-n) ,X] ,x] /3

FreeQ[{a,b,c,d,e,f,m,q},x]| & EqQ[n2,2«n] & NeQ[b"2-4+axc,0] & IGtQ[n,0] & IGtQ[p,0] & GtQ[2xn+p,n-1] &&

Not [IntegerQ[q]] && NeQ[m+2xnxp+nxq+1,0]

Int [ (F_.#x_)AM_.% (d_+e_.*X_"N_)"q_.*(a_+C_.*Xx_"n2_.)"p_.,x_Symbol] :=
c px ('F*x) A (M+2xnxp-n+1) * (d+exx*n) ~ (q+1)/(e*f" (2xnxp-n+1) * (M+2xn*xp+n*xq+1) ) +
1/(e*(m+2*n*p+n*q+1))*Int[(f*x)Am*(d+e*x“n)Aq*
ExpandToSum[ex (M+2xnxp+nxq+1) * ( (a+C*X" (2%Nn) ) *p-Cc p*X~" (2*xn*p) ) -d*C p* (M+24n*p-nN+1) *X* (2xn*xp-n) ,X] ,x] /5
FreeQ[{a,c,d,e,f,m,q},x] & EqQ[n2,2+n] & IGtQ[n,0] && IGtQ[p,0] & GtQ[2#nxp,n-1] &&
Not [IntegerQ[q]] && NeQ[m+2xnxp+nxq+1,0]

14



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

3: J.(-Fx)rn (d+ex")? (a+bx"+cx*")?dx whenb*-4ac#@ A (n|p)ez*

Derivation: Algebraic expansion
Rule1.2.3.4.6.1.1.3:1f b2-4ac+0@ A neZ*A peZ*,then

J(-Fx)'" (d+rex")? (a+bx"+cx*")?Pdx — jExpandIntegrand[(fx)'" (d+ex")? (a+bx"+cx*")?, x] dx

Program code:

Int[ (F_.*x_)™m_.x (d_+e_.*X_"n_)"q_.* (a_+b_.#X_"n_+C_.#x_"n2_.)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (f+x)~m(d+exx"n) g (a+bsx"n+cxx” (2#n))~p,x],x| /;
FreeQ[{a,b,c,d,e,f,m,q},x] & EqQ[n2,2«n] & IGtQ[n,0] & IGtQ[p,O]

Int[(F_.*x_)™m_.x(d_+e_.*X_"n_)"q_.*(a_+C_.*X_"Nn2_.)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"m(d+exx”n) g (a+Cxx" (2xn))"p,x]|,x| /;
FreeQ[{a,c,d,e,f,m,q},x] & EqQ[n2,2«n] & IGtQ[n,8] & IGtQ[p,O]

15



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: J-x’" (d+ex")? (a+bx"+cx*")?dx when b>-4ac#@ Anez*Amez A GCD[m+1, n] #1

Derivation: Integration by substitution
Basis:f nez A meZletk =GCD[m+ 1, n],thenxF[x"] = iSubst[x%'lF[x“/k], X, X<] 0, xk
Rule1.2.3.4.6.1.2:1f b>-4ac+@ AnezZ " AmeZletk=GCD[m+1, n],if k # 1, then

fx'“ (d+ex")? (a+bx“+cx2")pd1x — iSubstU‘xg'1 (d+ex"/k)aI (a+bx“/k+cx2"/k)pdlx, X, xk]

Program code:

Int[x_"m_.*(d_+e_.*x_"n_)"q_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
With[{k=GCD[m+1,n]},
1/k*Subst [Int [x” ( (m+1) /k-1) * (d+e*x” (n/k) ) ~*q* (a+b*x” (n/k) +c*x” (2xn/k) ) *p,x] , X, x*k] /;
k#1] /;
FreeQ[{a,b,c,d,e,p,q},x] & & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] & IGtQ[n,0] && IntegerQ[m]

Int[x_"m_.x(d_+e_.xx_"n_)"q_.x(a_+C_.*Xx_"n2_.)"p_,x_Symbol] :=
With[{k=GCD[m+1,n]},
1/k*Subst [Int [x” ( (m+1) /k-1) * (d+e*xx” (n/k) ) *q* (a+C*Xx”* (2xn/k) ) *p,Xx] ,X,x"k] /;
k#1] /;
FreeQ[{a,c,d,e,p,q},x] &% EqQ[n2,2xn] & IGtQ[n,0] && IntegerQ[m]

3: J.(fx)'" (d+ex")q (a+bx"+cx2")pd1x when b?-4ac#0@ A nezZ*AmeF

Derivation: Integration by substitution

Basis: If k € Z*, then (fx)"F[x] = £ subst [xk ®D-1E[X] x, (£x)*] o, (Fx)¥*

Rule1.2.3.4.6.1.3:If b>-4ac+0 A neZ" A meF,letk = Denominator [m], then



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

k knya b kn 2kn\P
J(-Fx)'"(d+ex”)q(a+bx"+cx2")pdlx—> ;Subst[J\xk(’“*l)’1 (d+ex ] [a+ X £x

p + dx, x, (f x)l/k]

£ .FZ n

Program code:

Int [ (F_.#x_) m_x (d_+e_.*X_"n_)"q_.x(a_+b_.*X_"n_+C_.*x_"n2_.) p_,x_Symbol] :=

With [ {k=Denominator[m]},

k/fxSubst [Int[x” (ks (m+1) -1) & (d+exx” (kxn) /FAn) Aq (a+bxx” (kxn) /FAn+cxx? (2xk+n) /£2 (2+n) ) *p,x] , X, (F*x)~ (21/k) |] /;
FreeQ[{a,b,c,d,e,f,p,q},x] && EqQ[n2,2#n] 8&& NeQ[b~2-4xaxc,@] & IGtQ[n,@] && FractionQ[m] && IntegerQ[p]

Int[(F_.#x_) m_%(d_+e_.*Xx_"n_)"q_.*(a_+C_.*x_"n2_.) p_,x_Symbol] :=

With [ {k=Denominator[m]},

k/fxSubst [Int[x” (k« (m+1) -1)  (d+exx” (kxn) /f) Aqx (a+cxx” (2xkxn) /£) *p,x],x, (Fx)~(1/k) |] /3
FreeQ[{a,c,d,e,f,p,q},x] & EqQ[n2,2«n] & IGtQ[n,8] & FractionQ[m] && IntegerQ[p]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

4, J(fx)'" (d+ex") (a+bx"+cx2“)pdlx whenb?-4ac#0 A nez*
1. J(-Fx)'" (d+ex") (a+bx"+cx2")pd1x whenb?-4ac#0 AnezZ*Ap>0

1: J‘(-Fx)"'(d+ex") (a+bx"+cx*")?dx whenb?-4ac#@ Anez*Ap>0 Am<-1Am+n (2p+1) +1+#0

Derivation: Trinomial recurrence 1a
Rule1.2.3.4.6.1.4.1.1:1f b>-4ac+0@ AneZ*Ap>0 Am<-1Am+n (2p+1) +1 +0,then

J(-Fx)"' (d+ex") (a+bx"+cx2")pd]x —

('Fx)ml (a+bx"+cxz")p(d (2np+n+m+1) +e (m+1) x")

f(m+1l) (m+n (2p+1) +1) *

ne J.(Fx)m+n (a+bx“+cx2")p'1-
f"m+1) (m+n (2p+1) +1)
(2ae(m+1) -bd (m+n (2p+1) +1) + (be (M+1) -2cd (m+n (2p+1) +1)) x") dx

Program code:

Int [ (F_.#x_) m_.%(d_+e_.*x_"n_)x(a_+b_.*x_"n_+C_.*x_"n2_)"p_.,x_Symbol] :=
('F*x) A (m+1) % (a+bxX*n+c*x”™ (2%n) ) *p* (d* (M+N* (2xp+1) +1) +e* (m+1) *x"n)/(f* (m+1) * (Mm+n* (2xp+1) +1) ) +
nxp/ (FAn% (M+1) % (Mens (24p+1) +1) ) #Int[ (Fxx) A (M+n) % (@+bX N+CxX7 (24N) )~ (p-1) *
Simp[2xaxe* (M+1) -bxd* (m+nx (2%p+1) +1) + (bxex (M+1) —2xCxd* (M+n* (2xp+1) +1) ) *x*n,X] ,X] /5
FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && GtQ[p,0] && LtQ[m,-1] & NeQ[m+nx (2xp+1)+1,0] && IntegerQ[p]

Int[(F_.*x_)Am_.x(d_+e_.*Xx_"n_)*(a_+C_.*x_"n2_)"p_.,x_Symbol] :=

(Fxx) A (M+1) % (@+CxXA (2x0) ) AP (A (M+Nk (24p+1) +1) +€x (M+1) #X n) / (F4 (M+1) % (M+nx (24p+1) +1) ) +

2*n*p/ (f"n* (m+1) * (m+n* (2%xp+1) +1) ) *Int [ (f*x) A(m+n) * (a+C*X™ (2xn) ) A (p-1) * (axe* (M+1) —c*xd* (M+n* (2xp+1) +1) *X”n) ,X] /5
FreeQ[{a,c,d,e,f},x]| & EqQ[n2,2xn] 8&& IGtQ[n,0] 8&& GtQ[p,0] & LtQ[m,-1] && NeQ[m+nx (2xp+1)+1,0] && IntegerQ[p]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p 19

2: f(fx)"'(d+ex“) (a+bx"+cx*")Pdx whenb?-4ac#80 AN€Z*Ap>0 AmM+2np+1#@ Am+n (2p+1) +1#80

Derivation: Trinomial recurrence 1b
Rule1.2.3.4.6.1.4.1.2:1f b>-4ac+@ AneZ Ap>0 Am+2np+1+0 Am+n (2p+1) +1 + 0,then

J-(-Fx)'" (d+ex") (a+bx"+cx*")Pdx —
(((Fx)™* (a+bx"+cx*")? (benp+cd (m+2np+n+1) +ce (2np+m+1) x")) /(cf (m+2np+1) (m+n (2p+1) +1))) +
np m a1
j(fx) (a+bx"+cx2")P2.
cm+2np+1) (m+n (2p+1) +1)
(2acd (m+n (2p+1) +1) ~abe (m+1) + (2ace (m+2np+1) +bcd (m+n (2p+1) +1) -b*’e (m+np+1)) x") dx

Program code:

Int[(F_.*x_)™m_.x (d_+e_.*X_"n_)* (a_+b_.*X_"n_+C_.*x_"n2_)"p_.,x_Symbol] :=
('F*x) A (m+1) % (a+b*xX*n+c*x” (2xn) ) *p* (bxexnxp+cxdx (M+nx (2xp+1) +1) +C*e€* (2xn*xp+m+1) *x"n)/
(c*f*(2*n*p+m+1)*(m+n*(2*p+1)+1)) +
nxp/ (Cx (2%n*p+m+1) x (M+n* (2xp+1) +1) ) *Int [ ('F*X) Amx (a+bxx*n+cxx” (2xn) )~ (p-1) *
Simp[2xaxCcxd* (m+Nx (2xp+1) +1) —axbxex (M+1) + (2xaxCxex* (2xNxp+M+1) +bxCxdx (m+n* (2xp+1) +1) -b*2xex (M+nxp+1) ) xx*n,X] ,x] /3
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[n2,2+n] && NeQ[b"2-4xaxc,0] & IGtQ[n,0] & GtQ[p,0] && NeQ[2xnxp+m+1,0] & NeQ[m+n« (2xp+1)+1,0] & Integerq |

Int[(F_.*x_)™m_.»(d_+e_.*Xx_"n_)*(a_+C_.*x_"n2_)"p_.,x_Symbol] :=

(-F*x) A(M+1) % (a+C*X” (2%Nn) ) *p* (C*xd* (M+N* (2xp+1) +1) +C*xe* (2xNxp+m+1) *X"n)/(C*'F* (2xnxp+m+1) * (M+n* (2xp+1) +1) ) +

2xaxnN*xp/ ((2*xnxp+m+1) * (M+n* (2%xp+1) +1) ) *Int [ (f*x) Am* (a+CxX" (2xn) ) A (p-1) *Simp [d* (m+Nn*x (2xp+1) +1) +e* (2xNxp+m+1) *X*n,X] ,X] /5
FreeQ[{a,c,d,e,f,m},x] && EqQ[n2,2sn] && IGtQ[n,0] && GtQ[p,0] & NeQ[2#n+p+m+1,0] && NeQ[m+nx (2xp+1)+1,0] && IntegerQ[p]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2. J.(-Fx)rn (d+ex") (a+bx"+cx*")Pdx whenb?®-4ac#8 Anez* A p<-1

1: J(-Fx)'“ (d+ex") (a+bx"+cx2")'°d1x whenb?-4ac#0 AneZ*Ap<-1 Am>n-1

Derivation: Trinomial recurrence 2a
Rule 1.2.3.4.6.1.42.1:1f b2-4ac+@ AnezZ*Ap<-1Am>n-1,then

J(-Fx)"' (d+ex") (a+bx"+cx2“)pd1x —

11 (Fx)"™! (a+bx"+cx2")P*! (bd-2ae- (be-2cd) x")

+

n(p+1) (b>*-4ac)
.Fn

f(fx)""" (a+bx“+cx2")p":l ((n-m-1) (bd-2ae) + (2np+2n+m+1) (be-2cd) x") dx
n(p+1) (b>-4ac)

Program code:

Int[ (F_.*x_)™m_.x (d_+e_.*X_"n_)* (a_+b_.*X_"n_+C_.*x_"n2_)"p_.,x_Symbol] :=
A (n-1) » ('F*X) A(m-n+1) x (a+bxx*n+c*xx” (2%n) ) (p+1) * (bxd-2xaxe- (bxe-2xcxd) *xx*n) / (nx (p+1) » (b*2-4xaxc)) +
fAn/ (% (p+1) » (b"2-4%axc) ) »Int [ (Fxx)~ (m-n) x (a+bxx n+cxx” (2xn) ) A (p+1) *
Simp[ (n-m-1) x (bxd-2xaxe) + (2xn*xp+2xn+m+1) * (bxe-2xcxd) *x*n, x] ,X] /5
FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && LtQ[p,-1] && GtQ[m,n-1] && IntegerQ[p]

Int[ (F_.*x_)™m_.x(d_+e_.*Xx_"n_)*(a_+C_.*x_"n2_)"p_.,x_Symbol] :=

FA(N-1) % (F*x) A (M-N+1) % (a+C*X" (24N0) ) ~ (p+1) * (axe-C#d*x"n) / (2#a*Cxnx (p+1)) +

fAn/ (2%axcxnx (p+1) ) »Int [ (Fxx) A (M-n) x (a+Cxx" (2xn) )~ (p+1) * (a*e# (N-M-1) +Cxdx (2xn*p+2xn+m+1) +x*n) x| /;
FreeQ[{a,c,d,e,f},x] && EqQ[n2,2xn] && IGtQ[n,0] && LtQ[p,-1] & GtQ[m,n-1] && IntegerqQ[p]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p 21

2: J(-Fx)"' (d+ex") (a+bx"+cx*")Pdx whenb?-4ac#8 Anez'Ap<-1

Derivation: Trinomial recurrence 2b
Rule 1.2.3.4.6.1.42.2:1f b>-4ac+0 A neZ A p< -1,then

J-(-Fx)'" (d+ex") (a+bx"+cx*")Pdx —

(Fx)™" (a+bx"+cx*")P"* (d (b>-2ac) -abe+ (bd-2ae) cx")
B +

afn(p+1) (b*-4ac)

1

J(-Fx)'" (a+bx"+cx?")Prt.
an(p+1) (b*-4ac)

(d(w(m+n(p+1)+1)-2ac(m+2n(p+1)+1))-abe(m+1)+c(m+n(2p+3)+1)(bd-zae)ﬂ)dx

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*Xx_"n_)*(a_+b_.#Xx_"n_+c_.#x_"n2_)"p_,x_Symbol] :=
- ('F*X) A (M+1) * (a+bxx*n+c*x” (2xn) )~ (p+1) * (dx (b*2-2xaxc) -axbxe+ (bxd-2xaxe) *c*x"n)/(a*f*n* (p+1) *» (b*2-4xaxc) ) +
1/ (axnx (p+1) * (b*2-4xa%c) ) xInt[ (fxX) *mx (a+bxX n+CxXx™ (2xn) )~ (p+1) *
Simp[d (b*2% (m+nx (p+1) +1) -2%xa*C* (M+2%n (p+1) +1) ) —axbxex (M+1) +C* (Mm+n* (2xp+3) +1) » (bxd-2xaxe) *x"n,x] ,X] /3
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[n2,2xn] & NeQ[b"2-4xaxc,0] & IGtQ[n,0] & LtQ[p,-1] && IntegerQ[p]

Int[(F_.#x_)™m_.%(d_+e_.*x_"n_)(a_+C_.*x_"n2_)"p_,x_Symbol] :=
- (Fxx) A (Me1) % (a+Cxx” (2xn) ) A (p+1) * (d+exx”n) / (2+axfxnx (p+1)) +

1/ (2xa%n* (p+1) ) *Int [ (Fxx) *mx (a+Cxx™ (2xn) ) A (p+1) *Simp [dx (M+2xn% (p+1) +1) +€% (M+n* (24p+3) +1) #x”n,x],x]| /;
FreeQ[{a,c,d,e,f,m},x] && EqQ[n2,2xn] && IGtQ[n,0] && LtQ[p,-1] & IntegerQ[p]

3: j(fx)"' (d+ex") (a+bx"+cx2")pdlx whenb?-4ac#0 Anez*Am>n-1Am+n (2p+1) +1+#0

Derivation: Trinomial recurrence 3a

Rule1.2.3.4.6.1.43:If b>-4ac+@ AnezZ*Am>n-1Am+n (2p+1) +1 # 0,then



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p
J(-Fx)"' (d+ex") (a+bx“+cx2")pd1x —

e fn-1 (f x)'"'"+1 (a +bx"+c xz")p+1

c(m+n(2p+1) +1)
.Fn
c(m+n (2p+1) +1)

j(fx)""" (a+bx"+cx?*")? (ae(m-n+1) + (be (m+np+1) -cd (m+n (2p+1) +1)) x") dx

Program code:

Int [ (F_.#x_)™m_.%(d_+e_.*x_"n_)(a_+b_.*Xx_"n_+C_.*x_"n2_)"p_,x_Symbol] :=
exf N (n-1) % (FxX) A (M-n+1) » (3+b*X N+CxX" (2%n) )~ (P+1) / (C* (M+n (2xp+1) +1)) -
fAn/ (cx (men (2xp+1) +1) ) %
Int [ (fxx)~(m-n)x (a+b*x N+CxX" (2xn)) "pxSimp[axex (M-n+1) + (bxex (M+nxp+1) ~Cxdx (M+n (24p+1) +1) ) #x"n,x],X]| /;
FreeQ[{a,b,c,d,e,f,p},x] & EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] & GtQ[m,n-1] & NeQ[m+n(2xp+1)+1,0] && IntegerQ[p]

Int[(F_.*x_)™m_.x(d_+e_.*Xx_"n_)*(a_+C_.*Xx_"n2_)"p_,x_Symbol] :=
e*f"(n—l)*(f*x)"(m—n+1)*(a+C*x"(2*n))"(p+1)/(C*(m+n(2*p+1)+1)) -
FAn/ (Cx (men (2+p+1) +1) ) +Int[ (Fxx) " (M-n) % (a+CXA (2%n) ) Apx (a*ex (M-N+1) ~Cxdx (M+n (2xp+1) +1) xx*n) ,x]| /;
FreeQ[{a,c,d,e,f,p},x] && EqQ[n2,2xn] && IGtQ[n,0] && GtQ[m,n-1] && NeQ[m+n(2xp+1)+1,0] && IntegerQ[p]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

4: J.(-Fx)rn (d+ex“) (a+bx"+cx2")pdlx whenb?-4ac#0 Anez*Am<-1

Derivation: Trinomial recurrence 3b
Rule1.2.3.4.6.1.4.4:1f b2-4ac+0© AneZ" A m< -1,then

J-(-Fx)'" (d+ex") (a+bx"+cx*")Pdx —

d (-Fx)m+1 (a+bx" +cx2")p+1

+

af (m+1)

1
—J(fx)"”" (a+bx"+cx®")? (ae (m+1) -bd (m+n (p+1) +1) ~cd (m+2n (p+1) +1) x") dx
af" (m+1)

Program code:

Int [ (F_.#x_)™m_.% (d_+e_.*x_"n_)(a_+b_.*x_"n_+c_.*x_"n2_)"p_,x_Symbol] :=

dx (f*x) A (M+1) * (a+bxXx n+C*xX” (2xn) )~ (p+1)/(a*f* (m+1) ) +

1/ (axfrns (m+1) ) #Int [ (Fxx) " (M+n) % (a+bxX N+CxX (24N) ) "p+Simp [axex (M+1) -bxdx (M+nx (p+1) +1) ~Cxdx (M+2xn (p+1) +1) +x*n,x],x] /3
FreeQ[{a,b,c,d,e,f,p},x] & EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] & IGtQ[n,0] & LtQ[m,-1] && IntegerQ[p]

Int[ (F_.*x_)™m_.x(d_+e_.*Xx_"n_)*(a_+C_.*X_"n2_)"p_,x_Symbol] :=

dx (f*x) A(m+1) % (a+C*xX" (2%n) )"(p+1)/(a*-F* (m+1) ) +

1/ (axfrns (me1) ) #Int [ (Fxx) " (Men) % (@+CXA (250) ) Apx (axex (M+1) ~Cxdx (M+2xn (p+1) +1) #x*n) ,x]| /;
FreeQ[{a,c,d,e,f,p},x] && EqQ[n2,2xn] && IGtQ[n,0] && LtQ[m,-1] & IntegerQ[p]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

(-Fx)rn (d+ex)
5. J—d]x whenb?-4ac#0 A nez*
a+bx"+cx3"

d+ex) .
1: J. dlxwhenb2—4ac<0/\;ez"/\0<m<n/\ac>e
a+bx"+cx?

Derivation: Algebraic expansion

C dr+(cd-eq) z

. 2 _ —
Basis: Let q = G;E_andr= 7ca-be,then d+e z _ _¢c dr-(cd eq)z+2qr P

a+b z2+c z* 2qr g-r z+c z?

Rule1.2.3.4.6.1.45.1:1f b2-4ac<@ A 2ez" A@<m<n A ac>0,letq=+ac,if 2cq-bc>o,letr-vacqg-bec,

2
then

dx

dx — dx +
n/2

a+bx"+cx?" 2qr g-rx"24cx" 2qr n

J~(-Fx)"'(d+ex") c J-(-Fx)"'(dr‘-(cd-eq)x"/z) c J-(-Fx)'"(dr'+(cd-eq)x"/2)

g+rx"?+cx

Program code:

Int[ (F_.*x_) m_#(d_+e_.*x_"n_)/(a_+b_.*x_"n_+c_.*x_"n2_),x_Symbol] :=
With[{q=Rt[a*c,2]},
With[{r=Rt[2#cxq-bxc,2]},
¢/ (2%qxr) +Int[ (fxx) "m«Simp [dxr- (cxd-exq) *x" (n/2) ,x] /(q-r*x” (n/2) +cxx*n) ,x]| +
¢/ (2%qxr) +Int[ (Fxx) "meSimp [dxr+ (cxd-exq) xx" (n/2) ,X] /(q+r*x” (n/2) +cxxn) ,x]] /;
Not [LtQ[2xc*q-bxc,8]]] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && LtQ[b"2-4xaxc,0] && IntegersQ[m,n/2] && LtQ[@,m,n] && PosQ[axc]

Int[(F_.*x_) m_x(d_+e_.*x_"n_)/(a_+c_.*x_"n2_) ,x_Symbol|
With[{q=Rt[a*c,2]},
With[{r=Rt[2xc*q,2]},
c/(2*q*r')*Int[(-F*x)"m*Simp[d*r'—(c*d—e*q)*x"(n/Z),x]/(q—r*x"(n/z)+c*x"n),x] +
¢/ (2%qxr) +Int[ (Fxx) "m«Simp [dxr+ (cxd-exq) xx" (n/2) ,x] /(q+r*x” (n/2) +cxxn) ,x] ] /;
Not [LtQ[2#c%q,0]11] /;

FreeQ[{a,c,d,e,f},x] & EqQ[n2,2«n] 8&& GtQ[axc,0] && IntegersQ[m,n/2] 8&& LtQ[O,m,n]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

d+ex)
2: J dx whenb?-4ac<@ A 2-1€Z*Aac>0
a+bx"+cx? 2

Derivation: Algebraic expansion

. 2 _ _ _
Basis:Letq = v/ac andr-vacq-bc,then —dt€2-_ .. ¢ dr-(cdeayz , c dre(cded z

a+b z2+c z* 2qr g-r z+c z? 2qgr g+r z+c z?

Rule 1.2.3.4.6.1.4.5.2:1f b>-4ac <0 A %—1 €Z"Nac>0,letqg=+/ac,if 2cq-bcso,letr-v2cq-bc,then

dx

(fx)" (d+ex") c (Fx)" (dr- (cd-eq) x"?) c (Fx)" (dr+ (cd-eq) x"?)
J ax = J n/2 dx+ J n/2

a+bx"+cx?" 2qr +cx" 2qr n

g-rx g+rx"?+cx

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"n_)/(a_+b_.*x_"n_+c_.*x_"n2_),x_Symbol] :=
With[{q=Rt[a*c,2]},
With[{r=Rt[2#cxq-bxc,2]},
€/ (2xqxr) *Int [ (fxx) *mx (dxr- (Cxd-exq) X" (n/2)) / (q-r+Xx" (n/2) +c*xx"n) ,x| +
€/ (2xqxr) *Int [ (fxx) *mx (dxr+ (Cxd-exq) X" (n/2)) / (q+r*x~ (n/2) +cxx*n) ,x]] /;
Not [LtQ[2xc*q-bxc,8]]] /3
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[n2,2+n] && LtQ[b"2-4xaxc,0] & IGtQ[n/2,1] && PosQ[axc]

Int[(F_.*x_)™m_.x(d_+e_.*x_"n_)/(a_+C_.*x_"n2_),x_Symbol] :=
With[{q=Rt[a*c,2]},
With[{r=Rt[2xc*q,2]},
€/ (2xqxr) *Int [ (fxX) "mx (dxr- (Cxd-exq) X" (n/2)) / (q-r+Xx* (n/2) +c*xx"n) ,x| +
€/ (2xqxr) *Int [ (fxx) *mx (dxr+ (Cxd-exq) X" (n/2)) / (q+r*x~ (n/2) +cxx*n) ,x]] /3
Not [LtQ[2#c%q,@]11] /;
FreeQ[{a,c,d,e,f,m},x] && EqQ[n2,2xn] && IGtQ[n/2,1] && GtQ[axc,O]

25



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

d+ex)
3: J dx whenb?-4ac#0 A nez*
a+bx"+cx?

Derivation: Algebraic expansion

-
H 2 d+e z __ [e 2cd-be 1 e 2cd-be 1
Basis:Letq —» \/b* -4 ac,then —:e2— . (£ T ) §CZ+(2 T ) 5

2:9,.¢cz
272

Rule1.2.3.4.6.1.453:If b2-4ac+0 A nez,letq—/b%>-4ac,then

JfoW(d+exﬂ e 2cd-be J“ (£x)" e 2cd-be (Fx)"
T xS (—+ ) dlx+[—— ] ax
a+bx"+cx?" 2 2q b_d,cyn 2 2q b g cyn

2 2 2 2

Program code:

Int[(F_.*x_)Am_.x(d_+e_.*x_"n_)/(a_+b_.*x_"n_+c_.*x_"n2_),x_Symbol] :=

With[{q=Rt[b*2-4+axc,2]},

(€/2+ (2xcxd-bxe) / (2#q) ) »Int [ (fxx)~m/(b/2-q/2+cxx"n) ,x] + (e/2-(2xcxd-bxe)/(2xq))+Int[ (fxx)~m/(b/2+q/2+cxxn),x]] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[n2,2«n] && NeQ[b"2-4xaxc,8] & IGtQ[n,0]

Int[(f_.*x_)™m_.x(d_+e_.*x_"n_)/(a_+C_.*x_"n2_),x_Symbol] :=

With[{g=Rt[-axc,2]},

- (e/2+cxd/ (2xq) ) +Int[ (fxx)"m/(q-cxxn) ,x] + (e/2-cxd/(2xq))*Int[ (fxx) m/(q+cxxn),x]] /;
FreeQ[{a,c,d,e,f,m},x] && EqQ[n2,2xn] && IGtQ[n,O]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

5 J«(fx)"' (d+ex")?

——dx whenb?-4ac#0 A nez*
a+bx"+cx"

d+ex)
1. j dx whenb?-4ac#@ A neZ*A qez
a+bx"+cx?

dx whenb?-4ac#@ AnezZ*AqeZ AmeZ

.. J-(-Fx)"' (d+ex")?

a+bx"+cx?"

Derivation: Algebraic expansion

Rule1.2.3.4.6.15.1.1:1f b>-4ac+@ AneZ* A qeZ A me Z,then

fx)" (d+ex")q

a+bx"+cx?

(Fx)" (d+ex")?
| rverpry

dx — JExpandIntegrand[
a+bx"+cx2"

,x] dx

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*Xx_"n_)"q_./ (a_+b_.#x_"n_+C_.#x_"n2_.),x_Symbol]
Int[ExpandIntegrand [ (f+x)"m+ (d+exx"n)~q/ (a+bxx"n+cxx* (2xn)),x],x| /;

FreeQ[{a,b,c,d,e,f,m},x] & EqQ[n2,2+n] && NeQ[b"2-4xaxc,8] & IGtQ[n,0] & IntegerQ[q] && IntegerqQ[m]

Int[(f_.*x_)™m_.»(d_+e_.*x_"n_)"q_./(a_+C_.#X_"n2_.),x_Symbol]
Int[ExpandIntegrand [ (f+x)"m« (d+exx"n)~q/ (a+cxx"(2xn)),x]|,x| /;
FreeQ[{a,c,d,e,f,m},x] && EqQ[n2,2sn] && IGtQ[n,0] && IntegerQ[q] & IntegerQ[m]

27



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

q

d+ex)
2: J dx whenb?-4ac#@ AneZ*AqeZ A m¢Z
a+bx"+cx?

Derivation: Algebraic expansion

Rule 1.2.3.4.6.1.5.1.2:1f b2-4ac+@ AneZ AqeZ A mgZ,then

d+ex")q ]
x| dx

(Fx)" (d+ex")?
|y

dx — J fx ExpandIntegr‘and[
a+bx"+cx?"

a+bx"+cx?

Program code:

Int [ (F_.#x_)™m_.%(d_+e_.*x_"n_)"q_./ (a_+b_.*x_"n_+c_.*xx_"n2_.),x_Symbol] :=
Int[ExpandIntegrand [ (f+x)~m, (d+exx"n)~q/ (a+bxx n+cxx*(2xn)),x],x] /;
FreeQ[{a,b,c,d,e,f,m},x] & EqQ[n2,2+n] && NeQ[b"2-4xaxc,0] & IGtQ[n,8] & IntegerQ[q] && Not[IntegerQ[m]]

Int[(F_.*x_)™m_.»(d_+e_.*x_"n_)"q_./(a_+C_.*X_"n2_.),x_Symbol] :=
Int [ExpandIntegrand[ (fxx)~m, (d+exx"n)~q/ (a+cxx”(2#n)),x],x] /;
FreeQ[{a,c,d,e,f,m},x] && EqQ[n2,2xn] && IGtQ[n,0] && IntegerQ[q] & Not[IntegerQ[m]]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

(Ex)™ (d+ex")d
Z.J dx whenb?-4ac#0@ AneZ*A q¢z

a +bx"+cx2n

(Ex)™ (d+exn)d
1.J dx whenb?-4ac#@ AneZ*Aq¢Z A q>0

a+bx"+cx?n

(£x)™ (d+exn)d
1.[ dx whenb?-4ac#@ AnezZ*Aq¢Z Aq>0 Am>n-1

a+bx"+cx?n

dx whenb?-4ac#@ AnezZ*Aq¢Z Aq>0 Am>2n-1

. J«(Fx)"‘ (d+ex")?

a+bx"+cx?"

Reference: Algebraic expansion

e - a(cd-be)+(bcd-b*e+ace) z
BaS|S. d+ez - cd-be+cez _ a( )+ ( + )

2

a+bz+cz c2z? c2z? (a+bz+c 2?)

Rule1.2.3.4.6.1.5.2.1.1.1:If b?>-4ac+@ AneZ*ANq¢Z ANg>0 Am>2n-1,then

f m d n\d

[leenr,,
a+bx"+cx2"

.FZn

2

£2n J(-Fx)'"'z" (d+ex")q':l (a(cd-be)+ (bcd-b*e+ace)x")
dx

J(-Fx)""2n (cd-be+cex") (d+ex“)q'1d1x- —

c c? a+bx"+cx?n

Program code:

Int [ (F_.#x_)™m_.%(d_.+e_.*x_"n_)"q_/ (a_+b_.*x_"n_+c_.*xx_"n2_.),x_Symbol] :=

£ (2*n)/c"2*Int [ ('F*x) A(m-2%xn) x (Cxd-bxe+cxexx*n) » (d+exx”n)~ (q-1) ,x] -

A (2#n) /cA2+Int [ (Fxx) A (m-24n) % (d+exx”n) A (q-1) +Simp [a* (cxd-bxe) + (bxcxd-b"2xe+axcxe) xx*n,Xx] / (a+bxx n+csx” (2xn) ) ,x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && Not[IntegerQ[q]] && GtQ[q,0] && GtQ[m,2#n-1]

Int[ (F_.*x_)™m_.x(d_.+e_.#x_"n_)"q_/ (a_+C_.#X_"n2_.),x_Symbol] :=

2 (2#n) /cxInt[ (Fxx)~ (m-2xn) « (d+exx*n) ~q,x] -

axfA (24n) /cxInt[ (Fxx)~ (M-2xn)  (d+exx n) ~q/ (a+cxx” (2#n)) ,x]| /;
FreeQ[{a,c,d,e,f,q},x] && EqQ[n2,2sn] && IGtQ[n,@] && Not[IntegerQ[q]] && GtQ[m,2xn-1]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p
q

d+ex)
2: J dx whenb?-4ac#@ AneZ*Aq¢Z Aq>0 An-1l<ms2n-1
a+bx"+cx?

Reference: Algebraic expansion

jqr —d+ez e _ ae-(cd-be)z
BaS|S. d+ez .. & _ ae cd-be) z
a+b z+c 22 cz cz (a+bz+c z?)

Rule 1.2.3.4.6.1.5.2.1.1.2:If b>-4ac+@ AneZ*Aq¢Z ANgq>0 An-1<m=<2n-1,then

dx

dx —
a+bx"+cx2" c

J(-Fx)"'(d+ex")':I ef" J(fx)m_" (d+ex) d]x—ﬂ (Fx)™" (d+ex")q'1 (ae-(cd-be) x")

c a+bx"+cx2"

Program code:

Int[(F_.#x_)™m_.%(d_.+e_.#x_"n_)~q_/ (a_+b_.*x_"n_+c_.xx_"n2_.),x_Symbol] :=
exfAn/cxInt [ (fxx)~ (m-n)x (d+exxn)~(q-1),x] -
fAn/cxInt [ (Fxx)~ (m-n) x (d+exx”n) A (q-1) xSimp [axe- (cxd-bxe) xx*n,x] / (a+bsx"n+cxx (24n)),x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && Not[IntegerQ[q]] && GtQ[q,0] && GtQ[m,n-1] && LeQ[m,2n-1]

Int [ (F_.#x_)™m_.%(d_.+e_.#x_"n_)"q_/ (a_+C_.*x_"n2_.),x_Symbol] :=
exfAn/cxInt [ (fxx)~(m-n) x (d+exx”n)~(q-1),x] -
fAn/cxInt [ (Fxx)~ (m-n) x (d+exx"n) A (q-1) xSimp [axe-cxdxx n,x] /(a+cxx” (2#n)) ,x]| /;
FreeQ[{a,c,d,e,f},x] && EqQ[n2,2«n] && IGtQ[n,0] && Not[IntegerQ[q]] & GtQ[q,0] && GtQ[m,n-1] && LeQ[m,2n-1]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

d+ex)q
2: J dx whenb?-4ac#@ AneZ*Aq¢Z Aq>0 Am<0
a+bx"+cx?

Reference: Algebraic expansion

Basis: —d:ez . d _ z(bd-ae:cdz)
a+b z+c 22 a a (a+b z+C zz)

Rule 1.2.3.4.6.1.5.2.1.2:1f b>-4ac+0©@ AneZ*Aqé¢Z A q>0 A m< 0,then

J(-Fx)"'(d+ex")qdlx B gj(fx)m(d+ex")q'1dx- 1 J-(fx)"”" (d+ex")%* (bd-ae+cdx") ix

a+bx"+cx?" a af" a+bx"+cx?"

Program code:

Int[(F_.#x_)™m_(d_.+e_.*x_"n_)"q_/ (a_+b_.*x_"n_+C_.*X_"n2_.),x_Symbol] :=

d/a*Int [ (fxx) m« (d+exx"n)~(q-1),x]| -

1/ (a*f~n) «Int[ (fxx)~ (m+n) « (d+exx*n) A (q-1) +Simp [bxd-axe+cxdxx"n,x]/ (a+bsx n+cxx” (2+n)) ,x]| /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && Not[IntegerQ[q]] && GtQ[q,0] & LtQ[m,0]

Int [ (F_.#x_)™m_x(d_.+e_.xx_"n_)"q_/(a_+C_.*x_"n2_.),x_Symbol] :=

d/axInt [ (f*x) Am* (d+exx”~n) ~ (q-1) ,x] +

1/ (axf~n) «Int[ (fxx)~ (m+n) « (d+exx*n)~ (q-1) +Simp [axe-cxd+x"n,x] / (a+c*x? (2xn)),x] /;
FreeQ[{a,c,d,e,f},x] & EqQ[n2,2«n] && IGtQ[n,0] && Not[IntegerQ[q]] && GtQ[q,0] && LtQ[m,0]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

(£x)™ (d+exn)d
Z.J dx whenb?-4ac#@ AneZ*Aq¢Z A q<-1

a+bx"+cx?n

(£Ex)™ (d+exn)9
1..[ dx whenb?-4ac#@ AneZ*Aq¢Z Aq<-1Am>n-1

a+bx"+cx2n

d+ex)
1: j dx whenb?-4ac#@ Anez*Aq¢Z Aq<-1Am>2n-1
a+bx"+cx?

Reference: Algebraic expansion

M 2
Bas's- 1 d _ (d+ez) (ad+(bd-ae) z)

asbz+cz? (cd®>-bde+ae?) 22 (cd*-bde+ae?) z? (a+b z+c 2?)

Rule1.2.3.4.6.1.5.2.2.1.1:If b?>-4ac+@ AneZ*ANqe¢Z ANg<-1Am>2n-1,then

dx —
a+bx"+cx?" cd’-bde+ae?

J-(fx)"'(d+ex")q d? §2n J(-Fx)’"'“(d+ex")°'d]x_ £2n J-(Fx)""“(d+ex")q+1 (ad+ (bd-ae) x")

cd’-bde+ae? a+bx"+cx?"

Program code:

Int[ (F_.*x_)™m_.x(d_.+e_.#x_"n_)"q_/ (a_+b_.#x_"n_+C_.#x_"n2_.),x_Symbol]

d*2+f7 (2%n) / (cxd"2-bxdxe+raxer2) +Int [ (Fxx)~ (m-2+n) x (d+exxn) ~q,x]| -

T (Z*n)/(c*d"z—b*d*e+a*e"2) *Int[ (-F*x) A(m-2xn) x (d+exx"n) ~ (q+1) *Simp [axd+ (bxd-axe) *x"n,x]/(a+b*x"n+c*x"(2*n) ) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && Not[IntegerQ[q]] && LtQ[q,-1] & GtQ[m,2xn-1]

Int[(F_.*x_)™m_.x(d_.+e_.#x_"n_)"q_/ (a_+C_.*x_"n2_.),x_Symbol]

d*2+f7 (2%n) / (cxd2+axer2) +Int [ (Fxx) " (m-2+n) x (d+exx"n) ~q,x]| -

axf~ (2xn) / (cxd*2+axe”2) xInt [ (Fxx) " (m-2xn) » (d+exx"n) ~ (q+1) x (d-exx"n) / (a+cxx" (2%n)) ,x]| /;
FreeQ[{a,c,d,e,f},x]| & EqQ[n2,2xn] && IGtQ[n,0] 8&& Not[IntegerQ[q]] & LtQ[q,-1] && GtQ[m,2xn-1]

dx
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

d+ex)q
2: J dx whenb?-4ac#@ AneZ*Aqé¢Z Aq<-1An-1<ms<2n-1
a+bx"+cx?

Reference: Algebraic expansion

Basis: 1 = - de (d+ez) (ae+cdz)
. a+b z+c 22 (c d’-bde+a ez) z (C d2-bde+a ez) z (a+b 2ic 22)

Rule 1.2.3.4.6.1.5.2.2.1.2:If b?>-4ac+0@ AnezZ*ANqeZ ANg<-1 An-1<m=<2n-1,then

£ (fx)'"'" (d+ex")':"':l (ae+cdx")
cdz—bde+aezj

dx

a+bx"+cx?"

dex — _LJ\(-FX)""" (d+ex")%dx+

a+bx"+cx?" cd’-bde+ae?

Program code:

Int[(F_.#x_)™m_.%(d_.+e_.*x_"n_)~q_/ (a_+b_.*x_"n_+c_.xx_"n2_.),x_Symbol] :=
-d*e*-F"n/ (cxd*2-bxdxe+axe”2) xInt [ ('F*x) A (m-n) % (d+exx”n) "q,x] +
fAn/ (cxd"2-bxdxe+axer2) xInt[ (Fxx) " (m-n) » (d+exx"n) A (q+1) xSimp[axe+cxdxxn,x] / (a+bxx n+csxr (2+n)),x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && Not[IntegerQ[q]] && LtQ[q,-1] && GtQ[m,n-1] && LeQ[m,2xn-1]

Int[(F_.#x_)™m_.%(d_.+e_.#x_"n_)"q_/ (a_+C_.*x_"n2_.),x_Symbol] :=

—d*e*f"n/(c*d"2+a*e"2) *Int [ ('F*x) A (m-n) x (d+exx”n) "q,x] +

fAn/ (cxd”2+axer2) +Int [ (Fxx) " (m-n) » (d+exx~n) ~ (q+1) xSimp[axe+cxdxxn,x] / (a+cxx” (2xn)),x] /3
FreeQ[{a,c,d,e,f},x] && EqQ[n2,2«n] && IGtQ[n,0] && Not[IntegerQ[q]] & LtQ[q,-1] && GtQ[m,n-1] & LeQ[m,2+n-1]

(Fx)" (d+ex")
2: j—d]x whenb?-4ac#0 AneZ*Aq¢Z A q<-1
a+bx"+cx2"

Derivation: Algebraic expansion

s, 1 e? (d+ez) (cd-be-cez)
: == +
Basis a+b z+c z2 cd?-bde+ae? (c d’>-bde+a e2) <a+b z+C 22)

Rule1.2.3.4.6.1.5.2.2.2:1f b2-4ac+@ AneZ*ANq¢Z A q< -1,then
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

J(fx)'"(d+ex")qd]x e? . 1 J«(1=x)'"(d+ex")q+1 (cd—be—cex")

— —J(fx) (d+ex")dx +

a+bx"+cx?" cd’-bde+ae? cd’-bde+ae?

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"n_)"q_/(a_+b_.*x_"n_+c_.*x_"n2_),x_Symbol] :=
eA2/(c*dA2—b*d*e+a*e“2)*Int[(f*x)Am*(d+e*xAn)Aq,x] +
1/ (c*d"2-bxdxe+axer2) xInt [ (fxx) mx (d+exx n)~ (q+1) *Simp [cxd-bxe-cxexxn,x] / (a+bxx n+csxr (2xn)),x] /;
FreeQ[{a,b,c,d,e,f,m},x] && EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] & & IGtQ[n,0] && Not[IntegerQ[q]] && LtQ[q,-1]

Int[(F_.#x_)™m_.*(d_+e_.*x_"n_)"q_/(a_+c_.*x_"n2_),x_Symbol]

e”2/ (cxd”2+axe”2) xInt [ (f*x) Amx (d+exx”n) "q,x] +

¢/ (cxd*2+axe~2) xInt[ (fxx) *mx (d+exx n) " (q+1) * (d-e#x"n) / (a+c*x” (2xn)) ,x] /;
FreeQ[{a,c,d,e,f,m},x] && EqQ[n2,2xn] && IGtQ[n,0] && Not[IntegerQ[q]] & LtQ[q,-1]

q

d+ex)
3: J dx whenb?-4ac#@ ANeZ*'Aq¢Z AmeZ
a+bx"+cx?

Derivation: Algebraic expansion

. B 2 1 _ 2¢ _ 2¢
Basis:If g = \/b" -4 ac,then ~——0 = i 05y~ Tmarcn

Rule 1.2.3.4.6.1.5.2.3:1f b>-4ac+0@ AneZ° A qé¢Z A meZ,then

(Fx)"

(£x)" (d+ex)®
| rsrvrrrry

dx — | (d+ex")* ExpandIntegr‘and[
a+bx"+cx3"

x] dx
Bl
a+bx"+cx?"

Program code:

Int[(f_.*x_)™m_.x(d_+e_.*x_"n_)~q_/(a_+b_.*Xx_"n_+c_.*x_"n2_.),x_Symbol] :=
Int[ExpandIntegrand [ (d+exx"n)~q, (fx) Am/ (a+bxx n+cxx” (2%n) ) sx]sx] /3
FreeQ[{a,b,c,d,e,f,q,n},x| & EqQ[n2,2«n] & NeQ[b~2-4xaxc,0] & IGtQ[n,0] & Not[IntegerQ[q]] && IntegerQ[m]

a+bx"+cx2"

dx
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p
Int[ (F_.*x_)™m_.x(d_+e_.*x_"n_)"q_/(a_+C_.*x_"n2_.),x_Symbol] :=

Int[ExpandIntegrand [ (d+exx”n)~q, (fx) Am/ (a+Cx” (2xn)) sx]sx] /3
FreeQ[{a,c,d,e,f,q,n},x] & EqQ[n2,2+n] && IGtQ[n,0] & Not[IntegerQ[q]] && IntegerqQ[m]

d+ex)
4: J. dx whenb?-4ac#@ AneZ*Aq¢Z Am¢zZ
a+bx"+cx?

Derivation: Algebraic expansion

. B 2 1 _ 2¢ _ 2¢
Basis: If g = \/b% -4ac,then - = Thgzcn ~ qbrarzca)

Rule1.2.3.4.6.1.5.2.4:If b>-4ac+0@ AneZ* A qé¢Z A me¢Z, then

1
,x] dx

(Fx)" (d+ex")?
| vy

. ——dx — ~[(-Fx)’" (d+ex")qupandIntegr‘and[
a+bx"+cx

a+bx"+cx?"

Program code:

Int[(F_.*x_)™m_.»(d_+e_.*x_"n_)"q_/(a_+b_.*Xx_"n_+C_.*x_"n2_.),x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"m« (d+exx"n)~q,1/ (a+bxx n+cxx*(2xn)),x]|,x] /;
FreeQ[{a,b,c,d,e,f,m,q,n},x] && EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] &% IGtQ[n,0] && Not[IntegerQ[q]] && Not[IntegerQ[m]]

Int[(F_.#x_)™m_.*(d_+e_.xx_"n_)"q_/(a_+C_.*x_"n2_.),x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"m« (d+exx"n)~q,1/ (a+cxx*(2xn)),x]|,x]| /;
FreeQ[{a,c,d,e,f,m,q,n},x] & EqQ[n2,2«n] & IGtQ[n,8] & Not[IntegerQ[q]] && Not[IntegerQ[m]]

35



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

dx whenb?-4ac#0 A nez*

6 J«(fx)"' (a+bx"+cx2“)p

d+ex"

. j(fx)m (a+bx"+cx2“)p

d+ex"

dx whenb?-4ac#@ Anez*Ap>0 A m<@

; J-(-Fx)"' (a+bx"+cx2“)ID

d+ex"

dx whenb?-4ac#@ AnezZ*Ap>0 Am<-n

Reference: Algebraic expansion

BaSIS- a+bz+cz? __ ad+(bd-ae)z + (cd?>-bde+ae?) 22
' deez d2 d? (d+e z)

Rule 1.2.3.4.6.1.6.1.1:1f b>-4ac+@ AneZ" A p>0 A m< —n,then

dx —

(Fx)" (a+bx"+cx?")?
J

d+ex"

l ('Fx)m(ad+(bd—ae)xn) (a+bX"+cx2")p‘1d1X+

cd’-bde +ae? (fX)m*zn (a+bX"+CX2")p_:L
; |

d? £2n d+ex"

Program code:

Int[ (F_.*x_) m_%(a_.+b_.*Xx_"n_+c_.*x_"n2_.)"p_./(d_.+e_.*x_"n_),x_Symbol] :=

1/d”2xInt [ ('F*x) m* (axd+ (bxd-axe) ¥x*n) x (a+bxx*n+c*x”" (2xn) )~ (p-1) ,x] +

(cxd*2-bxdxe+axen2) /(d 2+F" (2xn) ) +Int[ (Fxx) " (M+2xn) % (a+bsx n+Cxx” (24n) )~ (p-1) / (d+exx"n) ,x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && GtQ[p,0] & LtQ[m,-n]

Int[ (F_.*x_)™m_%(a_+c_.*x_"n2_.)"p_./(d_.+e_.*x_"n_),x_Symbol] :=

a/d"2xInt [ (fxx) Amx (d-exx"n) » (a+Cx” (2xn) )~ (p-1) ,x] +

(cxd*2+axen2) /(d*2+F~ (2xn) ) #Int[ (Fxx) " (M+2xn) % (@+C#X™ (2%n) ) A (p-1) / (d+exx”n) ,x] /;
FreeQ[{a,c,d,e,f},x] && EqQ[n2,2«n] && IGtQ[n,0] && GtQ[p,0] && LtQ[m,-n]

dx
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p 37

2n\P

dx whenb?-4ac#@ AneZ*Ap>0 Am<0

. J~(-Fx)"'(a+bx"+cx

d+ex"

Reference: Algebraic expansion

BaS|S atbz+cz? __ ae:cdz _ (cd*-bde+ae?) z
: d+ez de de (d+e z)

Rule1.2.3.4.6.1.6.1.2:1f b>-4ac+@© AneZ" A p>0 A m< 0,then

(Fx)" (a+bx"+cx")?
J

d+ex" e
1 2 _ 2 £x)™n b x" 2n\p-1
— (-Fx)'"(ae+cdx") (a+bx"+cx2")"'1dlx—ccI bde-ae J( X) (a+ Xxrex ) dx
de def" d+ex"

Program code:

Int[ (F_.*x_) m_%(a_.+b_.*Xx_"n_+C_.*Xx_"n2_.)"p_./(d_.+e_.*x_"n_),x_Symbol] :=
1/ (dxe) »Int[ (fxx) *mx (axe+Cxdx"n) x (a+bxx" n+cxx” (2#n) )~ (p-1) ,x]| -
(cxd*2-bxdxe+axe”2) /(dxexf n) +Int[ (Fxx) " (M+n) x (a+bxx n+cxx” (24n) ) A (p-1) / (d+exx"n) ,x] /;
FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && GtQ[p,0] && LtQ[m,0]

Int[(F_.*x_)™m_%(a_+C_.*x_"Nn2_.)"p_./(d_.+e_.*x_"n_),x_Symbol] :=

1/ (dxe) »Int[ (fxx) mx (axe+Cxd#Xx"n) » (a+C*x™ (2xn) )~ (p-1) ,x| -

(cxd*2+axen2) /(dxexfrn) +Int[ (Fxx)~ (m+n) « (@+cxx” (2+n) ) A (p-1) / (d+exx?n) ,x] /;
FreeQ[{a,c,d,e,f},x] & EqQ[n2,2«n] && IGtQ[n,0] 8&& GtQ[p,0] && LtQ[m,0]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

X J«(-Fx)r" (a+bx"+cx2")p

d+ex"

dx whenb?-4ac#@ AneZ*Ap<-1Am>0

dx whenb?-4ac#@ Anez*Ap<-1Am>n

. (Fx)" (a+bx"+cx")?
. J d+ex"
Reference: Algebraic expansion

Basis. z2 o ad+(bd-ae) z + d? (a+b Z+C Zz)
* diez cd’-bde+ae? (cd®>-bde+ae?) (d+ez)

Rule1.2.3.4.6.1.6.2.1:1f b2-4ac+@ AneZ A p<-1Am>n,then

dx —

(-Fx)"1 (a+bx“+cx2“)p
J. d+ex"
.F2n

_mhj‘(%x)m'2n (ad+ (bd-ae)x") (a+bx"+cx*")Pdx+

d2 £2n (-Fx)""Z"(a+bx“+cx2“)'D+1
j dx

cd’-bde+ae? d+ex"

Program code:

Int[ (F_.*X_)AM_.% (a_.+b_.#X_"N_+C_.#x_"Nn2_.)"p_/ (d_.+e_.*x_"n_),x_Symbol] :=
-fA(2*n)/(c*dAZ—b*d*e+a*eA2)*Int[(f*x)A(m-z*n)*(a*d+(b*d-a*e)*xAn)*(a+b*xAn+c*xA(2*n))Ap,x] +
d~2+f~ (2%n) / (cxd*2-bxdxe+axe”2) *Int[ (Fxx) " (M-2xn) % (a+bxX"N+CxX (24n) ) ~ (p+1) / (d+exx”n) ,x] /;

FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && LtQ[p,-1] && GtQ[m,n]

Int[(F_.*x_)™m_.x(a_+C_.*x_"n2_.)"p_/(d_.+e_.*x_"n_),x_Symbol] :=
—axfA (2xn) / (cxd 2+axe2) +Int[ (Fxx)~ (M-2xn)  (d-e+X"n) * (@+C#X" (2%n) ) *p,x] +
d~2+f~ (2%n) / (cxd*2+axer2) »Int [ (F*x) " (m-2xn) » (a+cxx” (2xn) )~ (p+1) / (d+exx n) ,x]| /;
FreeQ[{a,c,d,e,f},x] && EqQ[n2,2xn] && IGtQ[n,0] && LtQ[p,-1] & GtQ[m,n]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2n\P

. J~(-Fx)"'(a+bx"+cx

. dx whenb?-4ac#@ AneZ*Ap<-1Am>0
d+ex

Reference: Algebraic expansion

BaSiSI Z_ .- ae+cdz de (a+bz+c z?)

diez  cd’-bde+ae? (cd>-bde+ae?) (d+ez)

Rule 1.2.3.4.6.1.6.2.2:1f b2-4ac+@ AneZ Ap<-1Am>0,then

dx —

(-Fx)'" (a+bx"+cx2")p
J d+ex"
.Fn

cd’-bde+ae?

de# £X)™" (a+bx"+ cx2n)P
J(fx)m_n (ae+cdx") (a+bx"+cx*")Pdx- € J( x)"" (a+bx"+cx?")

dx
cd’-bde+ae? d+ex"

Program code:

Int[ (F_.#x_)™M_.x (a_.+b_.#X_"n_+C_.#X_"n2_.)"p_/ (d_.+e_.*x_"n_),x_Symbol] :=
'F"n/(c*d"z—b*d*e+a*e"2) *Int [ (f*x) A(m-n) x (axe+Cxd*xX"n) * (a+b*X*n+Cx*X” (2xn) )"p,x] -
dxexfrn/(cxd"2-bxdxe+axer2) xInt [ (fxx) " (m-n) x (a+bxx n+cxx” (2xn) )~ (p+1) / (d+exxn),x] /;

FreeQ[{a,b,c,d,e,f},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IGtQ[n,0] && LtQ[p,-1] && GtQ[m,0]

Int[ (F_.*x_)™m_.x(a_+C_.*x_"n2_.)"p_/(d_.+e_.*x_"n_),x_Symbol] :=
fAn/ (cxd*2+axe”2) xInt [ (F*x)~ (m-n) » (axe+cxdxx"n) x (a+cxx” (2xn) ) *p,x] -
dxexfAn/(cxd"2+axer2) +Int [ (Fxx)" (m-n) » (a+Cxx” (2xn) )~ (p+1) / (d+exx n) , x| /;
FreeQ[{a,c,d,e,f},x] && EqQ[n2,2«n] && IGtQ[n,0] && LtQ[p,-1] & GtQ[m,0]

39



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

7: J\(1=x)"'(d+ex")q (a+bx"+cx*")Pdx whenb?-4ac#@ Anez*A (qez* V (m|q) €Z)

Derivation: Algebraic expansion
Rule1.2.3.4.6.1.7:1f b>-4ac+@ AneZ*A (qeZ" VvV (m|q) €Z) ,then

J(-Fx)'" (d+rex")? (a+bx"+cx*")?Pdx — f(a+bx" + ¢ x*")? ExpandIntegrand[ (fx)" (d + e x")?, x] dx

Program code:

Int[ (F_.*x_)™m_.x (d_+e_.*X_"n_)"q_.* (a_+b_.#X_"n_+C_.#x_"n2_.)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (a+b*x n+cxx”(2xn))~p, (f*x)~m(d+exx*n)~q,x],x] /;
FreeQ[{a,b,c,d,e,f,m,q},x] & EqQ[n2,2#n] & NeQ[b"2-4xaxc,0] & IGtQ[n,0] & (IGtQ[q,0] || IntegersQ[m,q])

Int[(F_.*x_)™m_.x(d_+e_.*X_"n_)"q_.*(a_+C_.*X_"Nn2_.)"p_.,x_Symbol] :=
Int[ExpandIntegrand[ (a+cx” (2#n))"p, (f*x)~m(d+exx*n)~q,x],x] /;
FreeQ[{a,c,d,e,f,m,q},x] & EqQ[n2,2«n] & IGtQ[n,8] & IGtQ[q,O]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2. J(-Fx)'" (d+ex")? (a+bx"+cx2")pd1x when b2 -4ac#0 A nez"
1. J(fx)"' (d+ex")q (a+bx"+cx2")"d1x when b?-4ac#0 AnezZ AmeQ

1: Jx'“ (d+ex") (a+bx"+cx*")?dx whenb’-4ac#@ Anez Amez

Derivation: Integration by substitution

Basis: F [X] == —Subst{ﬂi—;L, X, L1 0xt
Rule1.2.3.4.6.2.1.1:1f b>-4ac+0© AneZ A meZthen

jx’" (d+ex“)q (a+bx"+cx2")"d1x — -

Program code:

Int[x_"m_.x(d_+e_.*x_"n_)"q_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
-Subst [Int[ (d+e*Xx” (-n) ) ~q* (a+bxX™ (-n) +C*X* (-2xNn) ) *p/Xx” (M+2) ,X],X,1/X] /;
FreeQ[{a,b,c,d,e,p,q},x] & & EqQ[n2,2xn] &&% NeQ[b"2-4xaxc,0] && ILtQ[n,0] && IntegerQ[m]

Int[x_"m_.x(d_+e_.*x_"n_)"q_.*(a_+C_.*X_"n2_.)" p_,x_Symbol] :=
-Subst[Int[ (d+e*Xx” (-n) ) q* (a+C*X" (-2%n) ) *p/x™ (M+2) ,X] ,X,1/X] /3
FreeQ[{a,c,d,e,p,q},x] & & EqQ[n2,2xn] && ILtQ[n,0] && IntegerQ[m]

2: J(-Fx)'" (d+ex")q (a+bx"+cx2")pd1x whenb?-4ac#@ AnezZ AmeF

Derivation: Integration by substitution

Basis:If n ez A g >1,then (£x)"Fix] = - Esubst [ FEXL 214, 2

xe (me)er 72 (Fx)e x (Fx)Ve

Rule 1.2.3.4.6.2.1.2:1f b2-4ac+0© A neZ A meF,letg = Denominator[m], then
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

. N . . g (d+ef"x8")% (a+bf"xB"4cf2nx28")P 1
JXfx)(d+ex) (a+bx +CX ) dx — —;SMmt[J Py dx,x,z:gTz]

Program code:

Int[ (F_.*x_)™m_.% (d_+e_.*X_"n_)"q_.* (a_+b_.*X_"n_+C_.+x_"n2_.)"p_,x_Symbol] :=

With[{g=Denominator[m]},

—g/f*SubSt [Int[(d+e*f"(—n) *x"(—g*n))"q* (a+b*f"(—n) *X~ (-g*Nn) +Cxf~ (-2%n) *X"(—2*g*n))"p/x" (g* (m+1) +1) ,x] ,X,1/('F*x)"(1/g) ]] /3
FreeQ[{a,b,c,d,e,f,p,q},x] & EqQ[n2,2«n] & NeQ[b"2-4+axc,@] & ILtQ[n,@] & FractionQ[m]

Int[(F_.*x_) m_.»(d_+e_.*X_"n_)"q_.*(a_+C_.*x_"n2_.)"p_,x_Symbol] :=

With[{g=Denominator[m]},

-g/FxSubst[Int[ (d+exfr (-n) xx" (-g#n) ) Aqx (a+C+FA (-2xn) #X~ (-2xgn) ) *p/x" (g* (m+1) +1) ,x] ,x,1/ (F+x)~(1/8)]] /3
FreeQ[{a,c,d,e,f,p,q},x] & EqQ[n2,2xn] && ILtQ[n,0] && FractionQ[m]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: J(fx)'" (d+ex")q (a+bx"+cx2")pdlx whenb2-4ac#0@ AnNezZ Am¢Q

Derivation: Piecewise constant extraction and integration by substitution
Basis: 0y ( (Fx)" (x1)") =0

Basis: (‘F X ) m <X’1> m__ fIntPart[m] (‘F X) FracPart[m] (X*1> FracPart[m]

Basis: F [X] == —Subst{ﬂi—;L, X, 1] oxt

X
Rule1.2.3.4.6.2.2:1f b>-4ac+@ AneZ A megO,then
d n\d b x" 2n\P
J-(fX)m (d+eX")q (a+bX"+CX2")pd]x — fIntPart(m] (fx)F"aCPart[ml (x—l)FracPart[ml J'( +ex) ((a +1) xrex ) dx
x-1\m
_, _fIntPartm] ('F X) FracPart[m] (X-l)Fr‘acPar-t[m] Subst [J‘ (d + ex-")q (a + tz)x—" + CX‘Zn)p o x, l:l
x™* X

Program code:

Int [ (F_.#x_) m_x (d_+e_.*X_"n_)"q_.x(a_+b_.*X_"n_+C_.*x_"n2_.) p_,x_Symbol] :=
-fAIntPart[m] = (-F*x) AFracPart[m] * (x* (-1) ) *FracPart [m] *Subst [Int[ (d+exx” (-n) ) *q* (a+b*X” (-n) +Cc*X” (-2%n) ) *p/x* (m+2) ,x],X,1/x] /;
FreeQ[{a,b,c,d,e,f,m,p,q},x| && EqQ[n2,2«n] && NeQ[b*2-4xaxc,0] && ILtQ[n,0] && Not[RationalQ[m] |

Int[ (F_.*x_) m_% (d_+e_.*X_"Nn_)"q_.(a_+C_.*Xx_"n2_.) p_,x_Symbol] :=
-fAIntPart [m] (-F*x) AFracPart [m] % (x” (-1) ) "FracPart [m] *Subst [Int [ (d+exXx” (-n) ) q* (a+C*X”" (-2xn) ) *p/Xx* (m+2) ,Xx],X,1/x] /;
FreeQ[{a,c,d,e,f,m,p,q},x] & EqQ[n2,2«n] & ILtQ[n,0] & Not[RationalQ[m] ]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

7. J(-Fx)"' (d+ex")? (a+bx"+cx2")pd1x when b2-4ac#0 A neF

1: Jxm (d+ex")q (a+bx"+cx2”)pd]x whenb?-4ac#0 A neF

Derivation: Integration by substitution
Basis: If g € Z*, then xnF[x"] = g Subst [xe M -1F[xen], x, x1/8] o,x!/
Rule1.2.3.4.7.1:1f b2-4ac +0 A neF,letg = Denominator[n],then

jx’" (d+ex")? (a+bx"+cx*")?Pdx — gSubst[J‘xg MD-1(d+exB")? (a+bxE" +cx?8")P dx, x, xl’g]

Program code:

Int[x_"m_.*(d_+e_.*x_"n_)"q_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
With[{g=Denominator[n]},
gxSubst [Int [x” (g% (M+1) -1) % (d+exXx” (g*n) ) *q* (a+bxX”" (gxn) +CcxX”" (2xg*n) ) *p,x] ,X, X" (1/8) ] ] /3
FreeQ[{a,b,c,d,e,m,p,q},x] & EqQ[n2,2xn] && NeQ[b”*2-4xaxc,0] && FractionQ[n]

Int[x_"m_.*(d_+e_.*x_"n_)"q_.*(a_+C_.*X_"n2_.)"p_,x_Symbol] :=
With[{g=Denominator[n]},
g*Subst[Int[x"(g*(m+1)—1)*(d+e*x"(g*n))"q*(a+c*x"(2*g*n))"p,x],x,x"(l/g)]] /3

FreeQ[{a,c,d,e,m,p,q},x] && EqQ[n2,2xn] && FractionQ[n]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: J(fx)'" (d+ex")? (a+bx"+cx2")pd1x when b2-4ac#0 A neF

Derivation: Piecewise constant extraction
Basis: a, 1f—>— =0

.FIntPart [m] ('F X) FracPart[m]

Basis: X .

xFracPart[m]

Rule 1.2.3.4.7.2:1f b>-4ac + @ A n € F, then

fIntPart[m] ('F X) FracPart[m]

J(-Fx)'" (d+ex")q (a+bx"+cx2")”d1x — x" (d+ex")q (a+bx"+cx2")pdlx

xFracPartm]

Program code:

Int [ (F_»x_)"m_x(d_+e_.#X_"n_)~q_. (a_+b_.#x_"n_+c_.+x_"n2_.)"p_,x_Symbol] :=
-F"IntPar't[m]*(-F*x)"Fr‘acPar't[m]/x"FracPart[m]*Int[x"m*(d+e*x"n)"q*(a+b*x"n+c*x"(2*n))"p,x] /5
FreeQ[{a,b,c,d,e,f,m,p,q},x| && EqQ[n2,2«n] && NeQ[b 2-4xaxc,0] && FractionQ[n]

Int[ (F_»x_)"m_x(d_+e_.*x_"n_)"q_.*(a_+C_.*Xx_"n2_.)"p_,x_Symbol] :=
fAIntPart[m] = (f*x) AFracPart [m]/x"Fr‘acPar‘t [m] *Int [X*m* (d+exx*n) *q* (a+C*X” (2xn) ) *p,x] /;
FreeQ[{a,c,d,e,f,m,p,q},x] & EqQ[n2,2+n] & FractionQ[n]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

8. J(-Fx)"' (d+ex")? (a+bx"+cx2")pd1x when b2-4ac#0 A ﬁez

1: Jxm (d+ex")q (a+bx"+cx2”)pd]x when b?2-4ac#0 A m"jez

Derivation: Integration by substitution
Basis: If mT—l e Z,then x"F[x"] = t Subst[F[anT], X, x™1] g, xm

Rule1.2.3.48.1:1f b2-4ac +0 A mf—l c7Z

1

Jx'“ (d+ex")? (a+bx"+cx*")Pdx — Subst[J‘(d+ex$)q (a+meT_1+cx:Tn1)pdlx, X, x'""l]

m+1

Program code:

Int[x_"m_.x(d_+e_.*x_"n_)"q_.*(a_+b_.*x_"n_+c_.*x_"n2_.)"p_,x_Symbol] :=
1/ (m+1) #Subst [Int [ (d+exx"Simplify[n/ (m+1)])~q# (a+b*xx"Simplify[n/ (m+1) ]+c*x"Simplify[2«n/ (m+1)]) p,Xx],X,x"(m+1)] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] & EqQ[n2,2xn] && NeQ[b”2-4xaxc,0] && IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ[n]]

Int[x_"m_.x(d_+e_.*x_"n_)"q_.*(a_+C_.*X_"n2_.)" p_,x_Symbol] :=

1/ (m+1) xSubst [Int[ (d+exx Simplify[n/ (m+1)])~q (a+cxx"Simplify[2«n/ (m+1)]) p,X],X,x*(m+1)] /;
FreeQ[{a,c,d,e,m,n,p,q},x] & EqQ[n2,2xn] && IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ([n]]

2: J(-Fx)"' (d+ex")? (a+bx"+cx*")Pdx whenb?>-4ac#0 A ~-ez

Derivation: Piecewise constant extraction
Basis: o, @ -0

fIntPartn] (£ yy FracPart(m]

Basis: £x- .

xFracPart[m]

Rule 1.2.3.4.8.2:1f b>-4ac+0 A L € 7,then
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

.FIntPar‘t[m] ('F X) FracPart[m]

J(fx)m (d+ex")q (a+bx"+cx2")pdlx — x™" (d+ex")q (a+bx"+cx2")pd1x

XFr‘acPar‘t [m]

Program code:

Int[ (F_*x_)"m_x(d_+e_.*X_"n_)"q_.* (a_+b_.*X_"n_+C_.*x_"n2_.)"p_,x_Symbol] :=
fAIntPart[m] * (-F*x) “FracPart [m]/x"FracPart [m] *Int [X*m* (d+exx~n) *q* (a+bxx*n+cxXx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,e,f,m,p,q},x] && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ[n]]

Int [ (F_»x_)"m_x(d_+e_.#X_"n_)"q_.*(a_+C_.*Xx_"n2_.)"p_,x_Symbol] :=

fAIntPart[m] * (-F*x) “FracPart [m]/x"Fr‘acPar‘t [m] *Int [X*mx (d+exx”*n) *qx (a+C*X" (2xn) ) *p,x] /;
FreeQ[{a,c,d,e,f,m,p,q},x] & EqQ[n2,2+n] & IntegerQ[Simplify[n/(m+1)]] && Not[IntegerQ[n]]

dx whenb?-4ac#0

o J~(-Fx)'" (d+ex")9

a+bx"+cx?"

Derivation: Algebraic expansion

ice _ </ h2 _ 1 __ 2c _ 2c
Basis: If r = /b 4ac,then atbz+cz2 = r (b-r+2cz) r (b+r+2cz)

Rule 1.2.3.4.9:If b> -4 a c # 0, then

dX —» — [|————dx - dx

a+bx"+cx?" r b-r+2cx" r

j(fx)m(d+ex“)q 2¢ (Fx)" (d+ex")? 2_C‘J-(-Fx)m(d+ex“)q

b+r+2cx”

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*x_"n_)"q_/(a_+b_.*Xx_"n_+c_.*x_"n2_.),x_Symbol] :=

With[{r=Rt[b*2-4+axc,2]},

2xc/r+Int [ (fxx) mx (d+exx n)~q/ (b-r+2xcxx”n),x| - 2xc/r+Int[ (fxx) mx (d+exx"n)~q/ (b+r+2xcxx*n),x]]| /;
FreeQ[{a,b,c,d,e,f,m,n,q},x| && EqQ[n2,2+n] && NeQ[b 2-4xaxc,0]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

Int[ (F_.*x_)™m_.x(d_+e_.*x_"n_)"q_/(a_+C_.*x_"n2_.),x_Symbol] :=

With[{r=Rt[-axc,2]},

-c/ (2#r) *Int [ (f#x)"m# (d+exx"n) Aq/ (r-c*x*n) ,x]| - c/ (2«r) +Int [ (f+x)"m« (d+exx"n)~q/ (r+cxx*n),x]] /;
FreeQ[{a,c,d,e,f,m,n,q},x] & EqQ[n2,2+n]

10: J.(-Fx)"' (d+ex") (a+bx"+cx?")Pdx whenb?-4ac#@ Ap+lez”

Derivation: Trinomial recurrence 2b
Rule1.2.3.4.10:If b>-4ac+0 A p+1ezZ,then

J(-Fx)m (d+ex") (a+bx"+cx2")pd]x —

(1‘=x)"l+1 (a+bx"+cx2")ID+1 (d (b*-2ac) -abe+ (bd-2ae) cx")
_ +

afn(p+1) (b*-4ac)

1

f(fx)'" (a+bx"+cx2“)p+1-
an(p+1) (b*-4ac)

(d(w(m+n(p+1)+1)-2ac(m+2n(p+1)+1))-abe(m+1)+(m+n(2p+3)+1)(bd-2ae)cﬂ)dx

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*Xx_"n_)* (a_+b_.#X_"n_+c_.#x_"n2_)"p_,x_Symbol] :=
- ('F*X) A (M+1) * (a+bxx*n+c*x” (2xn) )~ (p+1) * (d* (b*2-2xaxc) -axbxe+ (bxd-2xaxe) *c*x"n)/(a*f*n* (p+1) * (b*2-4xaxc) ) +
1/ (a*nx (p+1) » (b”2-4xaxc) ) xInt [ ('F*X) m*x (a+bx*x*n+cxx” (2xn) )~ (p+1) »
Simp [dx (b"2% (m+n* (p+1) +1) —2%xaxCx (M+2xN* (p+1) +1) ) —axbxex (m+1) + (M+nx (2xp+3) +1) * (bxd-2xaxe) xcxx*n,x] ,x] /5
FreeQ[{a,b,c,d,e,f,m,n},x] & EqQ[n2,2#n] & NeQ[b~2-4xaxc,0] & ILtQ[p+1,0]

Int[ (F_.*x_)™m_.x(d_+e_.*Xx_"n_)*(a_+C_.*X_"n2_)"p_,x_Symbol] :=

- (Fxx) A (Me1) % (a+Cxx” (2xn) ) A (p+1) * (d+exx”n) / (2+axfxnx (p+1)) +

1/ (2xa%n* (p+1) ) »Int [ (Fxx) "mx (a+Cxx™ (2xn) )~ (p+1) *Simp [dx (M+2xn% (p+1) +1) +€% (Men* (24p+3) +1) #x”n,Xx],x]| /;
FreeQ[{a,c,d,e,f,m,n},x] & EqQ[n2,2«n] & ILtQ[p+1,0]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

11: J(-Fx)"' (d+ex")? (a+bx"+cx*")?dx whenb*-4ac#0 A (pez* VvV qez*)

Derivation: Algebraic expansion

Rule1.2.3.4.11:1f b2-4ac+@ A (peZ" V qeZ),then

J(-Fx)'" (d+rex")? (a+bx"+cx*")?Pdx — jExpandIntegrand[(fx)'" (d+ex")? (a+bx"+cx*")?, x] dx

Program code:

Int[ (F_.*x_)™m_.x (d_+e_.*X_"n_)"q_.* (a_+b_.#X_"n_+C_.#x_"n2_.)"p_.,x_Symbol] :=

Int[ExpandIntegrand [ (f+x)"m+ (d+e+x"n)Agqx (a+bxx n+cxx* (2xn))"p,x],x] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q},x]| && EqQ[n2,2xn] && NeQ[b"2-4xaxc,0] && (IGtQ[p,@] || IGtQ[q,@])

Int[(F_.*x_)™m_.x(d_+e_.*X_"n_)"q_.*(a_+C_.*X_"Nn2_.)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (f+x)~m« (d+exx"n) g (a+c*x~ (2xn))"p,x],x]| /;
FreeQ[{a,c,d,e,f,m,n,p,q},x]| & EqQ[n2,2+n] && (IGtQ[p,@] || IGtQ[q,e])

49



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p 50

12: f(fx)m (d+ex")% (a+cx*")Pdx whenp¢z A qez”

Derivation: Algebraic expansion

Basis: If g € Z,then (d+ex")? = ( A _ex )-q

d2_e? x21 d2_e2 x2n

Note: Resulting integrands are of the form x» (a+bx2")? (c + dx2")* which are integrable in terms of the Appell
hypergeometric function .

Rulel1.2.3.4.12:1f p¢ z N q € Z,then

(Fx)"

xm

R d ex" q
Jx"‘ (a+cx®")P ExpandIntegrand[ S ST 5 S ool e x] dx
d® - e“x d® - e x

J(-Fx)"' (d+ex")? (a+cx®")Pdx —

Program code:
Int[ (F_.#x_) m_.%(d_+e_.*x_"n_)"q_x(a_+C_.*x_"n2_)"p_,x_Symbol] :=

(-F*x) "m/x"m*Int [ExpandIntegrand [ X m* (a+C*X” (2%n) ) *p, (d/ (d*2-e”2xx” (2xn) ) —exx*n/ (d*2-e”*2xx”* (2xn) ) )~ (-q) ,x],x] /;
FreeQ[{a,c,d,e,f,m,n,p},x] & EqQ[n2,2«n] & Not[IntegerQ[p]] && ILtQ[q,0]

u: J-(-Fx)'" (d+ex")? (a+bx"+cx*")Pdx

Rule 1.2.3.4.X:

j(fx)"' (d+ex")? (a+bx"+cx*")Pdx — j(fx)'" (d+ex")? (a+bx"+cx*")Pdx

Program code:

Int[ (F_.*x_)™m_.x (d_+e_.*X_"n_)"q_.* (a_+b_.#X_"n_+C_.#x_"n2_.)"p_.,x_Symbol] :=
Unintegrable [ (F*x) Amx (d+exx”n) Aqx (a+bxx"n+cxx” (2xn) ) "p,x] /3
FreeQ[{a,b,c,d,e,f,m,n,p,q},x]| && EqQ[n2,2xn]



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

Int[ (F_.*x_)™m_.x (d_+e_.*X_"n_)"q_.*(a_+C_.#X_"n2_.)"p_.,x_Symbol] :=
Unintegrable [ (fxx)"m« (d+exx"n) Agx (a+Cc*x" (2xn))*p,x| /;
FreeQ[{a,c,d,e,f,m,n,p,q},x] && EqQ[n2,2+n]

S: Ju’“ (d+ev")? (a+bv"+cv?")Pdx whenv==f+gx Au=hv

Derivation: Integration by substitution and piecewise constant extraction

Basis: If u == hv,then o, £ =

Vm
Rule1.2.34S:If v=Ff+gx A u=hy,then

um

J.u'“ (d+ev")® (a+bv"+cv?")Pdax — SubstU-x'“ (d+ex")? (a+bx"+cx*")?adx, x, v]

gv"

Program code:

Int[u_"m_.*(d_+e_.*v_"n_)"q_.*(a_+b_.*v_"n_+c_.*v_"n2_.)"p_.,x_Symbol] :=
u"m/(Coe-Fficient [v,x,1] *v"m) *Subst [Int [X mx (d+e*X"n) *q* (a+b*x*n+c*X”" (2%n) ) *p,x],X,V] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] && EqQ[n2,2xn] && LinearPairQ[u,v,x] && NeQ[Vv,X]

Int[u_"m_.x(d_+e_.*v_"n_)"q_.*(a_+C_.*v_"n2_.)"p_.,x_Symbol] :=
u"m/(Coe'Fficient [v,x,1] *v"m) *Subst [Int [X mx (d+e*X"n) *q* (a+C*X" (2xn) ) *p,X],X,V] /;
FreeQ[{a,c,d,e,m,n,p},x] & & EqQ[n2,2xn] && LinearPairQ[u,v,x] && NeQ[V,X]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

Rules for integrands of the form (fx)" (d+ex™)9 (a+bx" + cx*")"

1. Jx'" (d+ex™9 (a+bx"+cx*")Pdx whenpez v qez

1: Jxm (d+ex™)? (a+bx"+cx*")Pdx whenqez A (n>0 V p¢2z)

Derivation: Algebraic simplification
Basis:If q € Z,then (d+ex ™9 =x"9 (e+dx")4
Rule:lf geZz A (n>0 V p¢Z),then

Jx'“ (d+rex ™) (a+bx"+cx*")Pdx — jx’"‘"q (e+dx")? (a+bx"+cx*")Pdx

Program code:

Int[x_"m_.*(d_+e_.*x_"mn_.)"q_.*(a_.+b_.*x_"n_.+c_.*x_"n2_.)"p_.,x_Symbol] :=
Int [X* (m-nxq) * (e+d*Xx”*n) *q* (a+bxx*n+cxx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] & EqQ[n2,2xn] && EqQ[mn,-n] &% IntegerQ[q] &% (PosQ[n] || Not[IntegerQ[p]l])

Int[x_"m_.*(d_+e_.*x_"mn_.)"q_.*(a_+C_.*x_"n2_.)"p_.,x_Symbol] :=
Int [X* (m+mn*q) * (e+d*x” (-mn) ) *q* (a+Cc*x”n2) *p,x] /;
FreeQ[{a,c,d,e,m,mn,p},x] & EqQ[n2,-2xmn] && IntegerQ[q] && (PosQ[n2] || Not[IntegerQ[p]])
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p 53

2: Jx’“ (d+ex")* (a+bx™"+cx?")?dx when pez

Derivation: Algebraic simplification
Basis: If p € z,then (a+bx™"+cx2")P =x2"P (c+bx"+ax?")P

Rule: If p € Z, then

J‘x'“ (d+ex")? (a+bx™™+cx?")Pdx — Jx'“‘z"p (d+ex")? (c+bx"+ax?")?dx

Program code:

Int[x_"m_.*(d_+e_.*x_"n_.)"q_.*(a_.+b_.*x_"mn_.+c_.*x_"mn2_.)"p_.,x_Symbol] :=
Int [X® (m-2xnxp) * (d+exx*n) *q* (C+bxx*n+axx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,e,m,n,q},x] &% EqQ[mn,-n] && EqQ[mn2,2xmn] && IntegerQ[p]

Int[x_"m_.*(d_+e_.*x_"n_.)"q_.*(a_.+C_.*x_"mn2_.)"p_.,x_Symbol] :=
Int [X* (m-2xnxp) * (d+exXx*n) *q* (C+a*xXx”* (2xn) ) *p,x] /;
FreeQ[{a,c,d,e,m,n,q},x] & & EqQ[mn2,-2xn] &% IntegerQ[p]

2. -J-x'" (d+rex™)? (a+bx"+cx’")Pdx whenpe¢z A q¢z

1: Jx"‘ (d+ex™9 (a+bx"+cx*")Pdx whenp¢z A q¢Z A n>0

Derivation: Piecewise constant extraction

BaS|S: @X M —— @

[1022)°

Rule:lf p¢Z AN q¢Z A n>0,then



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p 54

eIntPart[q] ynFracPart[q] (d re X—n) FracPart[q]

x™" (d+ex'")q (a+bx"+cx2")"d1x —
(1+ﬂ

FracPart[q]
;)

Program code:

Int[x_"m_.*(d_+e_.*x_"mn_.)"q_*(a_.+b_.*x_"n_.+c_.*x_"n2_.)"p_.,x_Symbol] :=
e~rIntPart[q] *x” (nxFracPart[q]) * (d+exx” (-n) ) *FracPart[q]/ (1+dxx~n/e) ~FracPart[q] *Int [X" (m-n*q) * (1+d*x"n/e) *q* (a+b*x*n+c*x”" (2%n) ) *p,x] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] && EqQ[n2,2xn] &% EqQ[mn,-n] && Not[IntegerQ[p]] && Not[IntegerQ[q]] && PosQ[n]

Int[x_"m_.*(d_+e_.*x_"mn_.)"q_*(a_+C_.*X_"n2_.)"p_.,x_Symbol] :=
e~rIntPart[q] *x” (-mnxFracPart[q]) * (d+e*x”mn) *FracPart[q] / (1+d*x” (-mn) /e) *FracPart[q] *Int [X" (m+mnxq) * (1+d*Xx” (-mn) /e) *q* (a+C*Xx*n2) *p,x] /;
FreeQ[{a,c,d,e,m,mn,p,q},x] &% EqQ[n2,-2xmn] && Not[IntegerQ[p]] &&% Not[IntegerQ[q]] && PosQ[n2]

X: jx’" (dvrex™) ¥ (a+bx"+cx’")Pdx whenp¢zZ A q¢Z An>0

Derivation: Piecewise constant extraction

ice x"9 (drex M9 __
Basis: 0y X(d=ex™)i __ g

(e+d x™) 4

Rule:lf p¢Z A q¢Z A n>0,then

xh FracPart[q] (d re X—n) FracPart[q]

jx’" (d+ex‘")q (a+bx"+cx2")pd]x — x"-nd (e+dx")q (a+bx"+cx2")Pcﬂx

(e +d Xn) FracPart[q]

Program code:

(» Int[x_"m_.*(d_+e_.*x_"mn_.)"q_=*(a_.+b_.*x_"n_.+c_.*x_"n2_.)"p_.,x_Symbol] :=
X~ (nxFracPart[q]) * (d+exx” (-n) ) *FracPart[q] / (e+d*x”~n) *FracPart [q] *Int [X" (m-nxq) * (e+d*X"n) *q* (a+b*X*n+c*x”* (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] & EqQ[n2,2xn] && EqQ[mn,-n] && Not[IntegerQ[p]] && Not[IntegerQ[q]] && PosQ[n] =*)

(» Int[x_"m_.*(d_+e_.*x_"mn_.)"q_=*(a_+C_.*x_"n2_.)"p_.,x_Symbol] :=
X~ (-mnxFracPart[q]) = (d+exx”mn) *FracPart[q] / (e+d*Xx” (-mn) ) *FracPart [q] *Int [X" (m+mn*q) * (e+d*X” (-mn) ) *q* (a+Cc*x*n2) *p,x] /;
FreeQ[{a,c,d,e,m,mn,p,q},x] & EqQ[n2,-2xmn] && Not[IntegerQ[p]] && Not[IntegerQ[q]] && PosQ[n2] x)



Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: Jx"‘ (d+ex")? (a+bx™"+cx2")Pdx whenp¢Z A q¢zZ An>0

Derivation: Piecewise constant extraction

. 2np b x"n —2n\P
Basis: Oy X2"P (a+b x"+c X : ) :
<C+b x"+a XZ”)

Rule:lf p¢Z A q¢Z A n>0,then

XZnFracPart[p] (a +bx"+c X'Zn) FracPart[p]

jx'" (d+ex")? (a+bx‘"+cx‘2")pd1x — x"-2nPp (d+ex")? (c+bx"+ax2")pd1x

(C +bx"+a in) FracPart[p]

Program code:

Int[x_"m_.x(d_+e_.*x_"n_.)"q_.*(a_.+b_.*x_"mn_.+c_.*x_"mn2_.)"p_,x_Symbol] :=
X~ (2xnxFracPart[p]) * (a+b*x” (-n) +c*x” (-2xn) ) *FracPart[p] / (c+b*x~n+a*x”" (2xn) ) *FracPart [p] *
Int[x" (m-2%xnxp) * (d+e*X”n) *g* (C+bxx*n+axx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] && EqQ[mn,-n] && EqQ[mn2,2xmn] && Not[IntegerQ[p]] && Not[IntegerQ[q]] && PosQ[n]

Int[x_"m_.x(d_+e_.*x_"n_.)"q_.*(a_.+C_.*x_"mn2_.)"p_,x_Symbol] :=
X~ (2xnxFracPart[p]) * (a+c*Xx” (-2xn) ) *"FracPart[p] / (c+a*Xx” (2xn) ) *FracPart[p] *
Int[x" (m-2%xnxp) * (d+exx”n) *q* (C+axx” (2xn) ) *p,x] /;
FreeQ[{a,c,d,e,m,n,p,q},x] &% EqQ[mn2,-2xn] && Not[IntegerQ[p]] && Not[IntegerQ[q]] && PosQ[n]

3: J(-Fx)m (d+ex™) (a+bx"+cx?")”dx

Derivation: Piecewise constant extraction
Basis: o, ifTL =0

Rule:
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

.FIntPar‘t[m] ('F X) FracPart[m]

j(fx)'" (d+ex‘")q (a+bx"+cx2")pdlx — x™" (d+ex'")q (a+bx"+cx2")"d1x

XFr‘acPar‘t [m]

Program code:

Int[ (F_*x_)"m_x(d_+e_.*Xx_"mn_.) q_.*(a_.+b_.*X_"n_.+C_.*X_"n2_.)"p_.,x_Symbol] :=
fAIntPart[m] = (-F*x) ~FracPart [m]/x"FracPart [m] *Int [X*mx (d+exx*mn) *q* (a+b*xXx*n+Cc*x” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,e,f,m,n,p,q},x] & EqQ[n2,2xn] && EqQ[mn,-n]

Int [ (F_»x_)"m_x (d_+e_.*X_"Mn_.)"q_.*(a_+C_.*X_"n2_.)"p_.,x_Symbol] :=

-F"IntPar't[m]*(-F*x)"Fr‘acPar‘t[m]/x"FracPart[m]*Int[x"m*(d+e*x"mn)"q*(a+c*x"n2)"p,x] /8
FreeQ[{a,c,d,e,f,m,mn,p,q},x] & EqQ[n2,-2+mn]

Rules for integrands of the form (fx)" (d +ex")9 (a+bx™" + cx")P

1. Jx“‘ (d+ex")9 (a+bx™+cx™)Pdx

1: jx’" (d+ex")9 (a+bx™"+cx")?dx when pez

Derivation: Algebraic normalization
Basis:a + bx "+ cx"=x" (b+ax"+cx*")
Rule 1.2.3.4.13.1.1: If p € Z, then

Jx'" (d+ex")q (a+bx‘"+cx")pd1x — Jx'"‘"” (d+ex")q (b+ax"+cx2")pdlx

Program code:

Int[x_"m_.x(d_+e_.*x_"n_)"q_.*(a_+b_.*x_"mn_+c_.*x_"n_.)"p_.,x_Symbol] :=
Int [x” (m-n%p) * (d+exx”*n) *q* (b+a*xx*n+c*x”" (2xn) ) *p,x] /;
FreeQ[ {a,b,c,d,e,m,n,q},x] & EqQ[mn,-n] && IntegerQ[p]
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: Jx’“ (d+ex")? (a+bx™+cx")Pdx whenp¢z

Derivation: Piecewise constant extraction

Basis: 9y X~ —{asbxrext® .. g
(b+a X"+ x“)

x"P (a+tbx"+c x")P xn FracPart(p] (5.p xNic xn)FracPart(p)
(b+ax"+cx2)® (b+axm+c in>FracPartth

Basis:

Rule 1.2.3.4.13.1.2: If p ¢ z, then

X" FracPart[p] (a +bx"+cC xn) FracPart[p]

Jx’" (d+ex")q (a+bx‘"+cx")"d1x — x"-np (d+ex")q (b+ax"+cx2")pdlx

(b +a Xn +C in) FracPart[p]

Program code:

Int[x_"m_.*(d_+e_.*x_"n_)"q_.*(a_+b_.*x_"mn_+c_.*x_"n_.)"p_.,x_Symbol] :=
x~ (nxFracPart[p]) * (a+b/x”n+cxx~n) *FracPart[p] / (b+ax*x*n+cxx” (2xn) ) *FracPart[p]
Int [X* (m-nxp) * (d+exx*n) *q* (b+axx*n+cxx” (2xn) ) *p,x] /;
FreeQ[{a,b,c,d,e,m,n,p,q},x] & & EqQ[mn,-n] && Not[IntegerQ[p]]

2: j(fx)"' (d+ex“)q (a+bx‘“+cx")pd1x

Derivation: Piecewise constant extraction

Basis: 9y X"

xm

fIntPart[m] (£ y) FracPart [m]

Basis: {£20° -

XFracPart [m]

Rule 1.2.3.4.13.2:
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

.FIntPar‘t[m] ('F X) FracPart[m]

J(fx)m (d+ex")q (a+bx‘"+cx")pd]x — x™" (d+ex")q (a+bx‘"+cx")pdlx

XFr‘acPar‘t [m]

Program code:

Int[ (F_xx_)"m_.*(d_+e_.*X_"Nn_)"q_.x(a_+b_.*x_"mn_+C_.+x_"n_.) p_.,x_Symbol] :=
-F"IntPart[m]*(-F*x)"FracPar‘t[m]/x"FracPart[m]*Int[x"m*(d+e*x"n)"q*(a+b*x"(—n)+C*x"n)"p,x] /5
FreeQ[{a,b,c,d,e,f,m,n,p,q},x] & EqQ[mn,-n]

Rules for integrands of the form (fx)" (d; + e; x"/?)9 (d; + e2x"2)% (a + bx" + ¢ x*")°
1. J(-Fx)'" (dy+ ey x™?)% (dy +e;x"2)% (a+bx"+cx?*")?dx when d, e; +dy e, ==

1: J(fx)"' (di+ey1x"?)% (dy+ e, x"2)% (a+bx"+cx*")Pdx when de; +dye; =0 A (Q€Z V d; >0 A d, >0)

Derivation: Algebraic simplification
BaSiSI |f d2 e1+d1 e2 ::@ A <q e’ \/ d]_ >@ A d2 >@),then (d1+e1x"/2)q (d2+82Xn/2)q== (d1d2+e1e2x")q
Rule:If dye; +di e, =0 A (qu\/d1>0Ad2>0),then

J.(fx)'" (di+erx"?)% (dy + e, x™2)% (a+bx"+cx*")Pdx — J-(-Fx)'" (didy+e1e;x")? (a+bx"+cx*")?dx

Program code:

Int[ (F_.*x_)™m_.x(d1_+el_.*x_"non2_.)"q_.(d2_+e2_.*X_"Nnon2_.)"q_.*(a_.+b_.*X_"n_+c_.*Xx_"n2_)"p_.,x_Symbol] :=
Int [ (fxx)~ mx (dlxd2+elxe2xx"n) Aqx (a+bxx"n+cxx(2xn) ) p,x]| /;

FreeQ[{a,b,c,d1,e1,d2,e2,f,n,p,q},x] & EqQ[n2,2«n] & EqQ[non2,n/2] & EqQ[d2xel+d1lxe2,0] && (IntegerQ[q] || GtQ[d1,0] && GtQ[d2,0])
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Rules for integrands of the form (f x)~"m (d+e x~n)~qg (a+b x~n+c x~(2 n))"p

2: J(-Fx)'" (dy+erx"?)% (dy + e, x™?)% (a+bx"+ cx*")?dx when d, e; +d; e; =@

Derivation: Piecewise constant extraction

(d1+e1 Xn’/2> a (d2+92 Xn/2> a

(dy dy+eq e, x™) 4

Basis: If d, e1 + dq e, == 0, then Oy =0

Rule: If d, e1 + d1 e, == 0, then

J(-Fx)'" (da + €1 x™2)% (dy + €, x"2)% (a+bx" + ¢ x2")Pdx —

(d1 ‘e x"/z) FracPart[q] (dz re, x"/z) FracPart[q]

('Fx)m (dldz +e1e2x")q (a+ b x" +cx2n)pdlx
(d1 d, +e;e, X") FracPart[q]

Program code:

Int[(F_.*x_)™m_.x(d1_+el_.xx_"non2_.)"q_.(d2_+e2_.*Xx_"non2_.)"q_.*(a_.+b_.*Xx_"n_+c_.*x_"n2_)"p_.,x_Symbol] :=
(d1+elxx” (n/2))~FracPart[q]* (d2+e2xx” (n/2) ) FracPart[q]/ (d1xd2+elxe2xx”~n) *FracPart[q]*
Int[ (f*x)"m« (d1xd2+elxe2xx"n) ~q* (a+bxx"n+cxx” (2#n) ) p,x] /;
FreeQ[{a,b,c,d1,e1,d2,e2,f,n,p,q},x] & EqQ[n2,2«n] & EqQ[non2,n/2] & EqQ[d2xel+d1xe2,0]
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